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Atu^j-e ^. ^-t. 



THE Author of the following treatise having 
observed at sundry times with a degree of pain, 
that the greater part of those wlio study Arithme- 
tic, and a considerable number wlio teach it, arc 
contented with following the rules laid do^TO in 
the Assistant, without endeavouring to investi- 
gate the principles on which they ai'e founded: 
he has therefore spared no ]A;is, ^n endeavour- 
ing to elucidate the rules and othef flilricate parts 
of Arithmetic, in as simple, explicit, and concise 
a manner as the nature of the subject would ad- 
mit; and he no^v offers the production of his la- 
bou^rs to the public, in order to assist the learner 
in his endeavours to understand the fundamental 
principles of Arithmetic ; as much depends on a 
competent knowledge of this ^t, in order to 
qjualify the student to enter into die study of the 
various branches of the mathematics. The Au- 
thor is therefore of opinion, that those who have 
but an imperfect knowledge of numbers, and 
wish to improve themselves, will find this trea- 
tise of considerable assistance to tliem in ac- 
quiring a necessary knowledge of this useful sci- 
ence. Wherefore he deems it unnecessar}=^ to say 
much in giving credit to his work, but submits 
the decision of its merit or demerit to the judg- 
ment of the impartitd reader. 

The principal intent of the work, is not to 
show the student how to work Arithmetic, but 
the reason why it must be wrought according to 
the rules laid down ; and therefore, since the 
rules are not inserted^ Vt m\\ \i^ w^o.'^s^'sx^ "sRst 
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the student to have an Assistant by him that he- ' 
may turn to the niles occasionally; for he must^ 
liave the rule or the substance of it in his mind, 
as he traces the explanation, otlienvise he will 
understand but little about it. The American 
Tutor's Assistant will be the best ; but any other, 
«hose rules ai-e similar to those in the American 
Tutor's Assistant—wiJl do nearly as well. 

It ivill also be nefcessaiy for the student to get 
Li perfect knowledge of the signs or characters 
used in Arithmetic, previous to the studyingthis ; 
for the Author, for the sake of brevitj-, has made 
considerable use of them. 

Several eminent teachers having of late adopted 
anew method of stating the rule of three, the 
Author tliought it proper to insert it, and explain 
it; and he recommends it to teachers and others 
as abundantly preferable to the common w^y of 
stating ; nevertheless, he lias treated Uxrgcly on 
the old way ; and such questions in other paits 
of the work as he has had occasion to state, he 
has stated agi-ecably to it; under a persuasion 
Uiat the greater part of those, for whose use his 
uork is intended, will understand them the better. 

But i'cw, it is presumed, will make any objec- 
tion to the work, on account of its being set forth 
in form of a dialogue ; nay, the Autlior is of opi- 
nion that it will be foimd to be a considerable 
:iddition to it : but he submits the whole to the 
judgment of the public; and seeing it is next 
lo impossible for the first impression of a work 
like this to be without errors, he trusts tliat the 
dandjd wiJI not censure him on this head. 
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NUMERATION. 



PufiiL Having a desire to understand the fundamental 
principles of arithmetic, I am inclined to ask some ques- 
tions concerning it. 

Tutor, That is right : I am well pleased whenever I 
see one of my scholars desirous of gaining a perfect 
knowledge of what he studies. I will endeavour to an- 
swer all thy questions in as simple a manner as possible ; 
so begin. 

P, Well ; in the first place, please to give me an il-» 
lustration of Numeration, for I think I do not understand 
it fully. 

7\ In the first place then, we may observe, that there 
arc but ten figures or characters used to express num- 
bers, viz. 1, 2, 3, 4, 5, 6, 7, 8, 9, 0; and that these 
may be placed so as to represent any number that we caA 
name or conceive. Btit though there are ten figures, 
there are but nine of them that have any value, for the 
signifies nothing, and is, therefore, called a nought or 
a cipher: but, although it signifies nothing when it is by 
itself, yet, when it is annexed to a significant figure, it 
increases the value of it tenfold: as, 50 express ten! 
times as many as 5 ; and 500, ten times as many as 50, &c. 

Each of the nine significant figures has two values ; 
x>nc of which is known by ita fotta^ 2C^ A^ v^ >KCtfs^'^\s^'>^.'5* 
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form to be four; 3, five. Etc.; the other, by l 
which U exhibited in the following number; viz. 66e, 
666,666,666. Every one of these figuves is known by its^ 
form to represent the same thing, to wit, six, simply ; 
but in the manner ihey arc placed they represent diSerent 
kinds of sixes. Tlie fii'st at the right liand represents 
^ix ones, Dv tuutsg the next represents six tens, or sixty 
units; that is, ten timesas riiaiiy ns the first; theref^e, 
the first two at the right hMid represent sixty-six. The 
third represents six hundreds; the fuuillt; six thousands ; 
the fifth, sixty thousands, Etc.; so that the whole num- 
ber, 656,666,666,M^ i'«pFs»enU 666 tbousiinds of mil- 
lions, 666 niilliona, 666 ihousdnda, f) 6 6 units, or ones. 

P. That is tolerably pljiin; hm what is meant by bil- 
lioHs, trillions, quttdrillion s, Src? 

T. A billion is a million of millions, and a trillion is a 
million of billions, oramillion of millions of millions; 
ihat is, a billion exceeds u million just as mueh as a mil- 
lion exceeds one, or in other words, there are just as 
many millions in one billion as there arc ones in one 
mUlion; and as many billions in one trillion as ihere are 
millions iu one billion, und so on with the other denbmi- 
uatious. Otiierwise, a billion is the square of a million, 
11 trillion, the cube of a, million, kc. that is, a million 
muiliplieri by a million equal u billion, &c. 

SnrPLE AND COMPOUND ADDITION. 

J'u/iil. Addition is so simple that I think I can explain 

Tut«r. Welt; go on with it. But in the first place, 
tcH me whiit the word aum liienns. 

J". The word sum in addition, signifies the total or an- 
swer; for instance, 23, 30, and 45 added together make 
100, which is called the sum of those three numbers. 
The reason we miist place units uiider units, itnit under 
tens, &c. as the rule directs, Ismanifesi; for we may 
know, it would not do to put units under tens, and add 
1 together, and call ihein all units, or alliens. We 
Jike wise know, thai, ia compound addition, it would 
J lo set pence aniier schillings, anA add \hem \o^t:- 
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tlici*} and call them all pence, or shillings ; or grains un- 
der pennyweights, and add them) and call them grains or 
♦ dwts. 

SIMPLE AND COMPOUND SUBSTRACTION. 

Tutor. Tell me what is meant by the terms, minuend, 
subtrahend, and difference. 

PufiiL The minuend is the greater of the tsfo given 
nimibers ; tha* is, the upper number, when they are 
stated. The subtrahend is the less of the two given num- 
bers ; that is, the under number. The difference is the 
same as the remainder ; and it shows how much greater 
the minuend is than the subtrahend ; that is, it is the an- 
swer, or number required. 

THE RULE EXPLAINED. 

T, What is the reason that working by tlie rule gives 
the difference or answer ? 

P, When each figure in the minuend is greater than 
the one in the subtrahend which stands under it, it is to- 
lerably plain ; for, if we had 456 to take from 987, we 
should take the 6 units from the 7 units, the 5 tens from 
the 8 tens, and the 4 hundreds from the 9 hundreds ; 
which would leave 531, the difference between the units, 
between the tens, and between the hundreds ; and there- 
fore, the whole difference. But, when some of the fi- 
gures in the minuend are less than those that stand under 
them, I cannot tell why we borrow ten, &c. 

T, Wc borrow ten, because ten units make one ten, 
ten tens make one hundred. Sec. ; and, by adding ten to 
the upper number, we make it 10 too great; and there- 
fore, we should take from the next figure in the upper 
number, (which is equal to the 10 wc^^dded,) to make it 
the same it was at first: but, instead of doing that, (it 
being troublesome to perform,) we add 1 to the next 
figure in the lower number, which makes it likewise 10 
too great ; and therefore, the difference must be right. 
Compound substraction being founded upon the same 
principles^ if this is under^loo^> \)ci^xwi^\.\i^iscMK&fts5^. 
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SIMPLE MULTIPLICATION. 

Pupil. I observe there are three cases in multiplicaiioii 
of integers ; what is the reason tjiat working by tile rule 
'n each case will bring the answer '. 

Tuier. Tell me first, what is meant by the terms, mul- 
tiplicand, multiplier, product, and factors (• 

P. The multiplicand snd mnlliplici' arc the numbers 
which are to he in nlti plied together. Vihich ever we 
!t uppermost is ihc multiplicand, and the under one the 
lUltiplicr. The Tiiclors are the same as the multipli- 
cand and multiplier; and the product is what the factors 
make, when tlicy are multiplied together : for instance, 
8 multiplied by 5 make 48, which is the product of the 
factors 6 and S. 

rait RULE TO CASE 1st explained. 

T. Let us now, for example, multiply 24 by 6. 

Now, since multiplication is the taking of any number 
as many limes as there are units in another number, if 
■ we lake this 24 6 times we shall have the 24 
product, or number required ; And, in work- 6 

ing by the nilc, we first take the 4 imlts 6 

limes, ^-hich make 34 units or i units and U-t 
2 tens i wc then take the 2 lens 6 times, which make 
1 2 tens J to which add the 3 tens and 4 utiits and we have 
144aaabovc; which must be 6 times 24. We may see 
by this, that multiplication is a short way of performing 
several additions 1 for, since 6 24'sore 144, if we were 

lit down the 24 6 times and add tliem toi;ethcr, they 
would make 14*. 

■ Some tnaj- think it iiiuieceasary (iir mv to aaj- so ninth con- 
ming ihc terms, seeinE; they are eliiliuned in oiiiimon systetnii 
vitjimtlic i but, I tind, tlmtBcbalarBBB 6«'|uciill2r err IIii'oiikIi 
_..: means of their not unilei'staiiding the tcmia di uiiy tbint; else. 
A schoottntater, who lind laiipht scLnol ohuiit ibrty years, asked 
mc some time ago lo show hi>n hnw to do tlie lust example tti 
umltipllcntion of intcgeniii tie A, T.'s Assistsnt. In doing which, 
I fbund Uial his ig^ioriinie coniuted in his not underatwdlng- thi.' 
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THE RULE TO CASE 2d EXPLAINED. 

Let US here multiply 72 by 36. Now, since 6 times 
6 make 36, we first take the 72 6 times, 72 
then, we take 6 times the 72 6 times, which 6 

must make 36 times 72 ; for, since there are 

6 72'sin the 152, the 912, which are 6 of 152 
the 152 put toge.ther, must have 36 72'sin 6 

it. • 

912 

THE RULE TO CASE 3d EXPLAINED. 

Let us now multiply 39 by 29. Here, we first take 

the 39 9 times ; then we take it twice ; but, 39 

by putting the first figure of this line under 29 

the tens place, we make it 20 times the 39 ; — «. 

therefore by adding the two lines together, 351 

we get 29 times 39. When there are more 78 

figures in the multiplicand and multiplier, — — 

the operation depends on the same princi- 1131 
pies. 

THE PROOF EXPLAINED. 

P. What is the reason that multiplying the factors to- 
gether, when they are changed will prove the work ? 

y. The reason is this ; when we multiply two numbers 
>togethcr, wc may make either of them the multiplicand or 
multiplier, which we may see by the multiplicaiion table ; 
for, for example, 7 times 8 make 56, and 8 times 7 
make 56 ; therefore, if we multiply two numbers toge- 
ther, then change the factors and multiply them together ; 
again, if the products are alike it proves the work to be 
right. 

We may also observe, that, when we have several 
numbers to multiply together, they will make the same 
product. Let US place them as wc will; for, 3x4x5c= 
60, 3X5X4=60, 4X5X3=60, 4x3X5=60, 5x3x4e= 
60, and 5X4x3=60. Thus, we see^ tlw^^i. \sNi.\sJQfcX'^ 
fimy be multiplied togelbev b\^ ^\^^v<i\i\.^'»i^* 
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SIMPLE DIVISION. 

Pultii. Seeing I have hwi to toll ihn meaning of tlie 
icvms so Tiii'i I win endeaTOur to tell whut those meui) 
that arc used in division- The dividend is the number 
to be di-ridcd ; the diviser is th« number tn divide b^ ; the 
quotioni is the number found by dividing ; and the re- 
majnd^i- is a pert of the dividend, which is left after divi- 
sion, and it must always be kss than th9 divisor. Now 
please to explain the rules to me. 

THE »UI.e TO SHORT DIVISIOI* EXPLAIIfED. 

Tutor. Let us, for example, divide 2«9 1 4)2fi9r 
by 4) in doing of which we shalt have to ■ ■ 

find how oflcn the 26* I contains the *, and 672-3 

the remsdnder, since division is the finding how often one 
number contains another, fcc; and, in working by the 
rule, we first find that Uie 26 hundreds contain the 4, « 
hundred times, and 2 hundreds arc left. Now ilie 3 hun- 
dreds will contain the 4, but they will not contain it a 
hundred limes; therefore we conceive the 2 to be pre- 
fixed to the 9, and they botli make 29 tens, which we find 
to contain the 4, 7 teps of times, or 70 times, and 1 ten 
is left, which prefixed to the 1 unl^ makes 1 1 unila, and 
coniain»the 4> 2 units of times, and S are left. Whencw 
it is pluin. 

THK pnooT BXrl-AIKE^D. 

Uiviaion is the reverse of muhiplicatlon^ for, if wc 
multiply two numbers together, then divide the product 
by one of these numbers, ihc quotient will be the other. 
I-' ram which it is manifest, tliut the divisor and ({iioiicnt 
correspond with the fiu-tors in niiilt'i|i1icaiiun, und tlic 
dividend with the product 1 and therefore, if wi: nuilliply 
the divisor and quotient Logeiher, they will of couise 
produce the dividend, when iJierc is no rcmiundoi') and 
whenihcre i^one, it being part of the divide iu1, must of 
cottrae be nt/tSed ia. 
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The reason shown, why dividing by two numbers will 
piHjduce the «ame quotient as to divide by their product. 
Since division is the reverse of multiplication, and since 
it has been shown, that to multiply by two numbers will 
produce the same product, or to multiply by tite product 
of these numbers ; consequently, to divide by two num- 
bers will produce the same quotient, as to divide by their 
product. 

P. This is plain; but what is the reason that in this 
Ikind of division, the last remainder must be nmltiplicd 
by the first divisor, and the first remainder added in, to 
make the true remainder. 

T, The reason is this : The first remainder is part of 
the first dividend, and therefore, it is part of tiie true re- 
mainder. The second remainder is part of the second 
dividend, which was produced by dividing by the first di- 
visor; and therefore the last remainder must be multi- 
plied by the first divisor to bring it back to its original 
state, to which the first remainder must of course be » 
added. 

THE RULE TO LONG DIVISION EXPLAINED. 

Long divbion is performed just as short division, only 
in short division, the multiplication and substraction are 
performed by the head ; and in long division, for the as- 
sistance of the memory, they are performed by figures. 

For example, let us divide 1826 by 29. Now, although 
we can tell, for the most part, by exer- 29)1836(62 
rising our judgment, how many times the 1 74 

divisor is contained in the containing fi- 

gures of the dividend ; as in this case we 86 

•judge the 29 to be contained 6 times in 5S 

the 162 ; yet we cannot tell the remain- — 

der: but since the 182 must at least be 28 

as great as 6 times 29, to contain the 29 6 times by mul- 
tiplying the 29 by the 6, and substracting the product 
from the ia2, we must of course get the remainder. 

The reason shown why we cut the noughts off from 
the right of the divisor, and as many figures from the di- 
vidend 1 may observe herev t*«l ^ n^x^ V>»Nfc -i^^KiJass;?^ 



nill make it manifest ; that if vrc divide any paj't of a divi- 
dend by the same pan of the divisor, it will produce the 
same quotient as to divide the whole dividend by the 
whole divisor i for instance, to divide hall the dividend 
liy half the divisor, will pioduce the same quotient as to 
ilivide the whole dividend by the whole divisor. Now, 
l>y cutting off a nought from the right of ihe divisor, and 
;i nought or a figure froni the right of the dividend, we 
divide each of them by 10, that is, we gel the tenth part 
of each i and the tenth part of the dividend divided by the 
tentli pait of the divisor, gives the same as the whole di- 
vidend divided by the whole divisor, Ice. 

P. Is there not a short way to multiply by 9, 99, 999, 
ii999, Sec? 

T. Yea ; and it is performed in the following manner : 
Annex as many ciphers to the multiplicand as there are 
figures in the multiplier, and substract the multiplicand 
from this number, and the diRcrencc "271 27100 
will be the product required. 99 

It may be explained thus ; In this 

case we want to lake the 371,99 times; 2439 
but by annexing two ciphers to tlie 2439 

271, we take it 100 times; therefore 

WC take it one time too much wliich 26S29 
must be substiucted fi'om it. 

There is likewise a short method of dividing by 9, 99, 
&c. ; hut it is mostly as troublesome as the common way, 
and it would take so much work to show how to do it, and 
explain it, that it had better be omitted. 



P. I know the method of proving addition, multipllcu- 
lion, and division, by casting out the nines ; but I do not 
understand it. 

T. It depends upon a property of the number 9, which, 
excepts, belongs to no other figure whatever; vis. that 
any number divided by 9 will leave the same renijiinder 
as the sum of ils figures divided by 9, whidi may be 
shovmthus: if any figure by itself, or with one or more 
ciphcra annexed, be divided by 9, the remtuiuler will be 
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equal to the figure taken in its simple value. Thus, if 
6, 60, 600, 6000, &c. be divided by 9, the remainder in 
each case will be 6 ; for, 9 will go into 6 no times, and 6 
off; into 60, 6 times and 6 off ; into 600, 66 tim?s and 
6 off; and into 6000, 666 times and 6 off. Sec. If I had 
taken instead of 6, 8, 7, 5, 4, 3, 2 or I, the same rea- "^ 
soning would have applied. From this it is manifest, 
that if we divide any number by 9, then add together the 
figures of this number, and divide the sum by 9, the re- 
mainders will he equal ; for if we take any number O's, 
6f 4, we can resolve it into its constituent parts, thus : 
the number 6S4 may be resolved into the numbers 600, 
50 and 4 ; and if each of these be divided by 9, the re- 
mainders will be 6, 5 and 4 4 and since these figures are 
the same as those in the given nu!mber, if we divide their 
sums by 9, the remainders will of course ^be equal. 
Wherefore, the remainder arising from a number di- 
vided by 9 is found by adding the figures of said number, 
and casting out the 9's. 

Now, since the sum or total in addition contains all the 
several numbers, if the excess above the 9's in it, be 
equal to the excess above the 9's in all the numbers, the 
work must be right; but from what is said above, the ex- 
cess above the 9*8 in all the numbers, and in their sum, 
is found^by adding the figures together, and rejecting the 
9's. Whence the reason of the proof of addition is mani- 
fest. 

In multiplication, if both, or either of the factors be 
an even number of 9's, the product must be an even num- 
ber of 9's ; and hence this pait of the rule is obvious, for 
O wilK in this case, be in the top und bottom of the cross ; 
But if neither of the factors has an even number of 9's, 
then the product of the multiplicand by the 9's in the 
multiplier, must be an even number of 9's ; and the pro- 
duct of the 9's in the multiplicand by the excess above the 
9's in the multiplier must be an even number of 9's ; but 
these products together with the product of the excess 
above the 9's in one fuctor by that of the other, mi.ke the 
whole product. Therefore, if wc multiply the excess 
above the 9's in one factor by the cxcc^-s vA^^-^^ v^.^^'*^\jx 
the other^ the excess above tVve 9' ?i m \>x^ ^^Q^s^55L\.^^^i!v>^^ 

B 
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equal to t)ic cscehs above the 9'a in the whole pmduUjI 
but this same excess ta fotind by casting the s's out of the 
rs. Whence it is plain. 

vision being the reverse of mulliplicaiion, similai' 
reasons vtil! orcourse apply in il. 

P. Some pi-ove long division by uddilion, how i 
performed ? 

T. Add the remBinder and the several Hubtrahends < 
gether, as they stand in the operation, and ihc sum will ' 
equal the dividend. The reason of this is obvious ; for, 
since each subtrahend was tuken from the dividend, or 
]Mrt of it, and since the remainder is all that is left of the 
-dividend, we must of course add all the subtrahends to 
Ihc remainder to produce the dividend. 

, This method ofproof and thatby the cross, are very 
■hort i what is the reason they are not inserted in Assist- 
ants? 

T. The reason is, because they are not to be entirely 
depended upon ; for the work will sometimes prove by 
,tliem when it is wrong. It, however, will never fail 
ito prove when it is right. Jeremiah Paul has inserted 
jlhese metiiods in his arithmetic, and has likewise ob- 
served that they are not to be entirely depended upon. 
They may be used by such as are well versed in numbers ; 

t they are by no means suitable for beginners. 

P. How is it that they are not to be entirely depended 
upon? 

T. Why the proof by the cro ' - - - 

be depended upon in multiplication, may 26 Sx8 
beshownthus: Ifwemaketw 
,in multiplying, such that o 
Ihc other, the work will be i 

^, yet it will prove 
.joined example. 766 

Again, if in multiplying by one orinore of the figured 
offhe multiplier, we should act the first 
■figure of the produclin a wrong place, the 102 6x3] 

work will be veiy erroneous, and yet it 

will provf. 264 

133 



vill balance 
nifestly 
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P, I hav« heard it said, that numbers may be consi- 
dered either abstractedly or applicately ; what is meant 
by that ? 

T, When we consider numbers as numbers simply, 
without applying them to any thing, they are then taken 
in an absti*acted sense; as, 1, 2, 3, 4, &c. ; but when 
they are applied to some thing, they are taken in an ap* 
plicate sense; as, 1 pound, 2 dollars, 3 men, 4 days, 
Sec. In addition and subtraction, all the numbers must 
be considered as numbers simply, or all applied to the 
same kind of articles. In multiplication both of the fac- 
tors may be considered abstractedly; but they cannot 
both be considered applicately ; for we cannot multiply 7 
pounds by 5 men. 

Z'. I should think it might be done ; and I imagine I 
can do it. 

T, Well, do it. I should like to see it done. 

P. 5 times 7 m^ke 35. Does not that do it ? 

T, That is taken both numbers in an abstracted sense. 

P. I will try it again. 5 times 7 pounds make 35 
pounds. 

T. The 5 is taken this time in an abstracted sense. It 
is not worth while to tiy it any more : for it cannot be 
done. The nearest that we can come to it is, to say 5 
men times 7 pounds make 35 men pounds, or men and 
pounds ; which is nonsense. 

In division, the divisor must always be considered in 
an abstracted sense. 

P. I should like now to know the reason why, in sub- 
traction of time accoi*ding to the calendar, we are di- 
rected to borrow as many days as there are in the month 
of the subtrahend. 

T, The best reason that I can give, is this : 

The days of the subtrahend are part of the month of the 
subtrahend, and we must of course borrow the number 
of which ihey are a part, from which to subtract them. 
This we do in other kinds of subtraction, 

COMPOUND MULTIPLICATION, 
/'«////. IthmkIundcrstMid\]l\eT^tAOTioiV3cw<&xsi^'&'^\»'^!^ 



\ltiTjr_\IETIC\L ILLLSTRATOR. 



isea ill compauiiO muluplicalion, except the laat. 
! lo esplwn that to me. 
Tutor. Tell me the meaning of the word integer fi' 
ud likewise explulii the rule lo case first. 

P. Let us then for example, mtiltip!^ ss. TJtl. bjr 6. 
t'hc rule Bays, miiUipiy the price of an integer by the 
ioiuitily, and the piodiicl will be the answer. Now, wc 
>I«ays multiply the price of a single article by Uic nuti^ 
ler of artJclSs ; ihei-efore ao integer in this 
(tc urticlc, es t man, 1 day, t year, i 

Stc. Now, to multiply the is. 7^d. by i 

6 1 wc uty, 6 times a ^. make Q 

lalfpecDics; and since there arc a 

lialfpcnnics ill apenny, ive must of 1 13 9 
cmiFBG ilivids the 6 by 3 U> find the number of pence they 
'in, which is ". Then we say, 6 times 7 make 43, 
i 42 pence, and the 3 pence added lo them make 4S 
pence; and since there Are 13 pence in a shilling, wc 
must divide the 45 by 13, to iind the number of shillings 
they cont^n, which is 3, and 9(1. over. A^ain, ve say 
6 times 3 make 30, and the 3 we carry make 33, thut is 
; nnd tince 30 shillings inake a pound, we inunt di- 
vide the 33 by 20, lo find the pounds they 

UVLB TO CASE 'iTn* EXri.AINKD, 

. Let «¥ now multiply 6Jd. by d. 

In working by the rule, we first 
take the G^d. 10 times; then we lake 
10 limes the 6^1. 10 times, which 
imJce 100 times the 6^, Then wc 
Hike the Ss.sd. 7 times, which make 
70 limes the ej-i!. foi- the 5s. sd, arc 
lOtimes iheSjJ. Then we take the 
*■(!. 6 times; and the 100 times, 70 
times, and 6 times added together 
make 176 times the 6jd. 

COMPOUND DIVISION. 



' In Iha American Tin 
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Tutor. Since that is the ca%e, take an example in the 
last case and explain it> and we will let that suffice. 

RtTLE TO CASE 3d EXPLAINED. 

P* Let us then divide 36/. 16». 3rf. by 19: In doinj^ 
which, we find that the 36/. contain L, «. rf. L, *. d. 
the 19, I time, (which is 1/.) and 19)36 16 3(1 18 9 
there are 1 7L over. Now, since 20 1 9 
shillings make a pound, we must — . 
of course multiply the 17/. by 2#, to 1 7 
reduce them to shillings, and add in 20 

the 16s. and find the number of — 
times that the whole contains the 19, 19)356 
(which will of course be shillings), 19 

and the number of shillings that are 

over; which must of course be mul- 166 
tiplied by 12 to reduce them to 152 
pence, and the M added in, See. -<— 

14 
12 

19)171 
171 

REDUCTION. 

Tutor, Tell me what is meant by reducing great names 
to small, and small names to great; or reduction de- 
scending and reduction ascending, and explain the rule. 

Pufiil, Let us then for example reduce 6/. 15«. 7|cf. to 
farthings, and the farthings back Z.. «. d, 
again to pounds. Since 20 shillings 6 15 7| 
make a pound, every one of the 20 
pounds must contain 20s. ; and •^-— 
therefore, we must multiply the 6/. 135 shillings 
by 20 tQ reduce theiA- to shillings, 12 
and since th^ 15 ai^ shillings they — — 
must of -course be added irt; Again, 1627 pence 
since 12 pence make a shilling, 4 

each of the 135 miist contAm Vld. »— * 
and tfcereftre we must muUipVj xYwt e>^\\ S»s!Cci\SN?^ 



■^ 
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. by 13 to reduce tliem to pence, and add 
jastlpi since 4 farthings make a penny, eitcliofthe 1637 
luat coniain 4 farthiugs ; and therefore the I637d. ni\i3t 
e muUiplied by 4 to reduce them lu furthings, and the G 
BTthings added in. 
Whence it is manifest, that there arc 63 U farthings 

5.. 73rf. 

This is called reduction descending; or reducing from 
f grest name to a smalli a pound being the gn 
' a farthing the small, 
et us now reduce the 65 1 1 far- 
things back again to pounds. Since 
ire 4 farthings in a penny, 
nust be as many pence in ibe 
J6S 1 1 farthings as there are 4's ; and 
refore, we must divide them by 
a reduce them to pence. For i, 6 Is 7^ 

timilar reasons the pence mus-tbe divided by 12 to reduce 
■ them to shillings, and the shillings by 2U to reduce them 
[to pounds, 

This is called reduction ftscendiDg; or reducing from 
ti small name to a gi-cat. 



■1 

!7 ^ 




NBAS, Etc. TO FOUHIIH, BXPLAIHED. 

'J'. What is (he reason that multiplying by 3 and di- 

fviding bye will reduce dollars to pounds^ 
P. There arc 3 half crowns in a dollar, and 8 half 
crowns in a pound ; therefore, if the dollars be multi- 
plied by J, they will be reduced to half crowns; and if 
these half crowns be divided by 8, they will of course be 
I'educed t^ pounds. Please to explain to me now the 
rules for reducing pistoles, guineas, &c. to pounds. 
T^ It is manifest that if wc multiply any number of 
^pistolQS, guineas, moidores, &c. by the number of pence 
of them, and divide tho product by the number of 
■.pence in a pound, it will reduce them to pounds. Now 
[here are 330 pence in a ['rcnch pistole, and 240 pence in 
» pound ; therefore, if we w«re lo multiply any number 
WcfFrpaeh pistoles by 330, and divide the product by 340, 
' " •■ --■" V ""■ ' ■' • 
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it would reduce tlicm to pounds. Again it is manifest^ 
that if we were to multiply any number of pistoles by any 
part of the 330, and divide by the same part of the 240, 
it would produce the same number as if we had multi- 
plied by the whole of the former, and divided by the whole 
of the latter. But, if we take the tiiirtieth part of each of 
the numbers 330, 240, that is, divide each by 30, we 
shall get 1 1 and 8 ; therefore if we multiply any number 
of French pistoles by 1 1 and divide by 8, it will reduce 
them to pounds : which is the rule. 

A Spanish pistole=336 pence, and a pounds=240 
pence; an4336-f-48»=7, 240-4-48=065; therefore, x7-=-5 
will reduce Spanish pistoles to pounds: which is the 
rule. The rest of the rules are formed in a similar man- 
ner. 

P, To reduce dollars to French ci*owns, we are di- 
rected to deduct-^; crowns to dollars, to add ^; cents 
to pence, to ^duct -^; pence to cents, to add \. I do 
npt understand these rules. 

7\ 1 1 dollars make 1 French crowns, and -^ of 1 1 &» I , 
and 11-— laalOxsthe number of crowns in 11 dollars. 
And -^ of 10=s 1, and 10+ 1 s 1 1 =sthe number of dollars 
in 10 crowns. Again, 10 cents make 9 pence ; and -^ of 
10:sil, and 10— 1= 9 ass the number of pence in 10 cents. 
And I of 9s= 1, and 9+ 1 ss I0s=the number of cents in 9 
pence. 

TO REDUCE POUNDS, SHILLINGS, AND PENCE, TO DOL- 
LARS AND CENTS. 

P. Can there not be a convenient rule givea for re- 
ducing pounds, shillings, and pence, to dollars and cents ? 

T, The most convenient rule that I know of is. this t 
Multiply by 8, and divide the product by 3, the shillings 
remaining more, ^ thereof, will be cents ; to which 1 
must be added for the pence, if they be above 7. For ex- 
ample, let us reduce 36/« 1 3^. 8^. to dollars and cents. 
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36 13 8i 

8" 3)49 
16 J 

3)293 9 8 16 3 

I Cent is Added for the a pence. |& 97 83 6 81 G 

This rule may be explained thus : A shilling ia 30 
times IcM in v^Iue than a ponnd, and a cent 100 (imeS 
less in value than a dollar. But in this case, each shil- 
ling remaining is ao times less in value than a dollar, (a 
dollar being produced by dividing the pounds by 3) and 
4 of 60 are 40, and 60 antUO make lOO, that is, 100 times 
less in value than a. dolliir, the sainc as acent. In re- 
gard to the pence remiiining, any number of pence greater 
than 7, added ^ thereof, will muke a shilling or upwards, 
tnd a shilling in this case becomes a cent. 



Dollars and cents may be reduced to pounds, kc. ihus: 
Multiply by 3, atid divide by 8 ; Iho remainder prefix lo 
thecenls, addin^tothainundteritN half. Ttiis last aum, 
excepting the unit figure^ divide by 6, for the sliiltings, 
and the remainder by 5 for pence. 

For example, let us reduce 25 dolls. 68 cents, to 
potinda. Dvih. Cih. 

This may be explained thus : SS 68 ^)504 

The dollars remuining, Tjeing 3 2s2 

prelixed to the cents, are cansi- - — 

dercd together with the cents, as 8)77 04 S,S)75,5 

Cents : and each df these cents, 

beingtindWided by 8, is 800 times 1.9 12 7 13 7 
les»-in value than a pound ; and | of 800 is 400, and 
600+400=1500 times less in value than a pound ; and 
■wiihoul the unit fignre it will be 120 ; and rjO-i-6=a20 
times less in value than a pound, the same as a shilling. 
The remainder being prefix<^d to the unit figure, becomes 
10 limes less in value lh*in the 120; and, being undivi- 
^edbyibe 6, each of ihem ks 60 tioicB less in value than 
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a shilling; and 60—5 =» 12 times less in value than a 
shilling, the same as a penny. 

THE RULE OF THREE DIRECT. 

PufiiL I do not understand the Rule of Three perfect- 
ly ; smd I have been told that a perfect knowledge of it 
cannot be attained, without a previous knowledge of the 
doctrine of proportion. 

Tutor, There can be no knowledge scarcely of the 
Rule of Three attained, much less a perfect knowledge, 
without a knowledge of proportion, for the Rule of Three 
is the rule of proportion ; and therefore^ a knowledge of 
proportion must be essential to the understanding of it. 
\Vherefi>re, previous to my undertaking to illustrate the 
Rule of Threey it will be necessary for me to say some- 
thing respecting proportion. 

Proportion may be defined thus : Proportion is a com- 
parative relation that subsists among lour numbers ; that 
is, when the first of four numbers ccatains the second, or 
some part of the second, as often as the third contains 
the fourth, or some part of the fourth ; then the first bears 
the same proportion to the second that the third does to 
fourth, and the numbers are proportionals ; for this is 
what constitutes proportion. It may be luore fully ex- 
plamed by a few examples, thus : As 8**2:: 1 2**3 ; that is, 
as 8 is to 2 so is 12 to 3. Here the 8 contains the 2, 4 
times, and the 12 contains the 3, 4 times; which shews 
that the four number are proportionals ; that is, it shew< 
that 8 bears the same proportion to 2, that 12 does to 3. 

Again, as 6'*9::8*'12. Here, 6 contains -^ of 9 twice, 
and 8 contains ^ of 12 twice. Wherefore those four 
numbers are proportionals. 

Any four numbers that are prox)ortionals, may be ar- 
ranged several ways, and still be proportionals. Thus, 
As 3-«9::4**12. The 3 contains \ of 9 once, and the 4 

contains -)■ of 12 once. 
As 3**4::9"12. The 3 contains ^ of 4, 3 times, and the 

9 contains l of 1 2, 3 times. 
As 4"3::13"9. • The 4 contains ^o€ 3,4\XKAVj^as5A.'Cj5NR. 

1 2 contains ^ ot 9^ V ^vTcw^t.. 
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Aa 4"I3!:3-9. The 4 contains \ of 12 once, andT 
3 contains -J of 9 once. 

Aa9"3:;l2--4, The 9 contains 3, 3 times, and the 1 
contains 4, 3 times. 

,9-12;:3-4. The 9 contains A of 13, Slimes, and 
ihe S contains | of 4i 3 times. 
As \2-9::i"3. The 12 contains .^ of 9, 4 limes, and 
ihe 4 eoniajna ^ of 3, 4 times, 

s 12"4::9"3. The" 12 contains 4, 3 times, and the 9 

contains 3, 3 limes. 

If ne examine the above proportionals closelyi we 
shnllfind, that, no twithstao ding they are arrange il eiylit 
different ways, there are but four changes of proportion j 
for, if 3 beur the same proportion to H that 4 does to 13, 
then 4 bears the sumc proportion to 12 that 3 does to 9. 

The two outside numbers, or the first and fourth, are 
called extremes i And t!ie two inside numbers, or se- 
cond and third, are culled means. For exumple, as 
9-6:;13"8. The 9 and 8 aje called the extremes ; and, 
the 6 Lind 1 3 the means. Now the nature of proportionals 
s such, that the product of the extremes, is equal to the 
product of the means. Ths may be seen by examining 
ilm example above ; for, 9 Limes 3 make 72, which is the 
product of the exU-emes ; and, 6 times 12 make 72, 
wiiicli is the product of ilie means. Wherefore, if any 

ec of these numbers be giveni we can lind the fourth ; 
it is well known, that, if we divide the product of any 

D immbers by one of the numbers, the quotient will be 
tht oilier ; and therefore, when one of the extremes is 
required, if we divide the product of tlie extremes by the 
given extreme, the quotient will he tlie required extreme. 
Buttheproduct of the extremes is equal to the product of 
the means ; therefore, if wc divide the product of the 
ineuns by the given cxli'eme, the quotient will be the re- 
quired extreme. Thus, 6X12=rJ, and 73^9=8, and 
7l-i-B=9. Ag<iin, when one of the means is required, 

e praduct of the extremes divided by the given mean 
will give the required mean. Thus, 9X0^73, and. 
73.^6=13, and i'3-i-l2=S. 

Having, as I imagine, said enough respecting prg 
'O/J, ^o/naAe it appear tolerably plain, \ f.\viVV t 




ARITHMETICAL ILLUSTRATOR. 2J 

deavour to apply it to the Rule of Three. But in tlie first 
place I may observe, that, since it takes four nunxbers <o 
constitute proportion, it would be more proper, in my 
opinion, to call the rule of proportion, the inile of four 
than the rule of three, notwithstanding there are but 
three numbers mentioned in it ; for we have always to 
take the answer into consideration together with the three 
given numbers to form a proportion. 

« 

THE RULES FOR STATING AND WORKING THE RULE OF 

THREE, EXPLAINED. 

Let U8 now take the propoilionals which we have used 
in explaining the extremes and means, and form them 
into four examples of the Rule of Three, and illustrate 
the rules for stating and working them. 

1st Example. If 9 dollars will buy 6 yards of cloth, 
how many yai*ds will 12 dollars buy ? 

Here, the "9 and 12 are the two similar terms, for they 

fre both dollars ; that is both of one name, which is what 
s meant by the similar terms. The 6 is of the same name 
with the answer ; to wit, yards ; and therefore it must be 
put in the second place. The Dolls. Yds, Dolls. 
term on which the demand As 9**6:: 12 
lies may generally be known by 6 

its following the words. How — 

miany? How much? What 9)72 

cost ? 8cc. as in this example, — 

we may easily see that the de- Answer 8 Yards. 

mand lies on the 12; for it is demanded, or asked, how 
many yards 12 dollars will buy at the rate of 6 yards for 9 
dollars ; and therefore the 12 must be put in the third 
place, and the 9 in the first of course. 

The inile for working an example after it is stated, may 
be explained thus : In direct proportion, the required 
term, or answer, is always the last extreme ; the second 
and third terms, the means, and the first term, the given 
extreme. Now the rule directs us to multiply the se- 
cond and third terras together,' and divide the product by 
the first term for the answer. But agreeably to what has 
been said in proportion, the ptodw*:,! o^ ^Jcv'i isvfc^SNS. ^s^\^^^ 
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by Ukc: given extreme will give the required estrei 
T.herefoi'e, the product of the second and third 
vided 6y the first term will give the answer. 

3nd Example. How majiy yards of clolh will 9 dol- 
lars buy. Hi (he rate of 8 yards for 1 3 dollars '. 

Here the demand lies on the 9, and the 8 is of the same 
name with the answer ; and DoUs. Ydt, DolU. Yd». 
therefore the question must As 12 ■ ■ 8 : : 9 - ■ 6 
be atuled thus. 1 believe there ar^ many thai can work 
thei'uleof (hree toleittbly well, yet, when they see >n 
example stated like this, with dll four of the numbers ii) 
a line, they do not know what It means. They do not 
consider tliut the fourth auinber is the answer ; and that 
iJie example has been wroughti and the answer placed in 
aline with the other numbers lo complete the proportion j 
and tlrat tlie rest of the work is left out. 



COMTBACTION 



EXFLAtXSD. 



'^n 



Pufiil. 1 bavepaidgreatiuention to what has been: 
and have gained considarable information ; but theri 
still some thingain the rule of three, which Ido liot un- 
derstand ! one of which is the method oi' contraction. 

Tutor. Contraction is very simple, and ao exceedingly 
useful in the single and double rule of three, that I ^m 
surprised that there arc ao few teachers that teach Uieir 
scholars it. But the reiison prob.iLity is, because they do 
not understand it themselves. Wbtvetorc 1 will iah« an 
example und endeavour to cxptoin it. 

San LxAMi'i.E. If 6 yards of cloth cost 9 dollars. 
whit will 8 yards coal ? YiU. Dclh. Yds. 



As 6 ■ - 



ds. I 



in this example, I perceive that the 6, the dindbtg 
term, will not go into ciiiier of the others witlioui re- 
jnainiler, neither will eiiher of the others go imo the 6 ; 
but 1 Sod tliiit 3 ivill go into the 6 and H wiUioUt remain- 
der ; and thrrctore, I divide the 6 iiod 9 by 3. aim cancel 
them, or cross thtm out. Then 1 divide the 3 into the 8- 
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cancel the 2 and 8, and multiply the figures together 
which are not cancelled for the answer. 

Pufiil, Where did the 3 come from by which the 6 
and 9 were divided ? 

Tutor, It was hardly worth while to ask that ques- 
tion ; for^ agreeably to the rule, we are at liberty to make 
use of any number whatever, that will divide the first term 
and one of the others without remainder. 

The ground work of contraction has been already 
shown, fi>r, it has been shown in Reduction, that if we 
multiply by any part of a number, and divide by the same 
part of another number, it will produce the same quotient, 
as to multiply by the whole of the one, and divide by the 
whole of the other. Therefore, if we multiply the 8 by 
the 3 and divide by the 3, it will produce the same quotient, 
as to multiply the 8 by the 9 and divide by the 6. Again, 
it will produce the same number to multiply the 4 by the 
3, and not divide it by any thing, as to multiply the 8 by 
3, and divide by 2. 

THE RULE FOR WORKING THE RULE OF THREE EX- 
PLAINED IN A SIMPLE MANNER. 

I will now explain the rule for working the rule of three 
in a very simple manner, by the help of the following 
example. 

4th Example. How many dollars will 6 yards of cloth 
cost, if 8 yards can be purchased for 1 2 dollars ? 

Since the 12 dollars are th.e price d d la d d I 
of 8 yards, 4 of the 1? dollars must . ^ J' ° ; .^/* ^ ** 
be the price of 1 yard, and the price 
of 1 yard multiplied by the 6 yards will of course give the 
price of the 6 yards,, which is what we want to find. But 
the 12 dollars are & times the price of 1 yard; apd there- 
fore, the 12 dollars multiplied by 6 will give 8 times the 
price of the 6 yards, which must of course be divided by 
the 8 to give the price of tne 6 yards. 

DIRECT PROPORTION EXPLAINED. 

FupiL I had like to have forgotten to ask for an ex- 
planation of direct proportion. The a&sA&\»S!i^%^^^ "^cox 

c 
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direct proportioii is, when more requires more i or, wheff 
less requires less. What is meuDt by more requiring 
TQore, and les.s requiring less '. 

Tutor. In direct proporlioD, the first term always 
bears the same proportion to the secontt, lliat the third 
doestothefourilii aud when this is tile case, the first term 
always becu-s the same propoi-uon to tlie tliird that the se- 
tond does to ihefourlli: sndin a stating of ilic i-ule of 
three, or- account of the tcrro which is of the same name 
^vith the answer hcinc; put iti the second place, we have 
lo conipRPe the tirat ajid third terms togelher, aiu\ the 
second and fourth, or answer. Now, the meaning of 
more requiring inore, and loss requiring less may be 
shown thus. When the third term is gi-catcr than the isl 
and the unswer, according to the nature of the question, 
required to be greaiei- than the second j then it is great- 
requiring greater, which is tUc same us more requir- 
g more. Again, when the thii'd term is less than tlie 
llrst, and the answer, according to the nature of the ques- 
tion, is required to be less than the second, then it is less 
rcqtxiring less. To explain it more clearly, let us exa- 
mine the following statements. 



yd,. 



yds. 



As 2 ..4 ; ;8 



In the 5rsi statement it is 
easily to be seen, that the 8 

yards will cost more than tlie two yards ; that is, 8 yardi 
arc more than 2 yards, and require more tlian 4 shiltittgs 
to buy ihcnt ; so that, it is more requiring more. In tl>e 
second statement the 4 shillings being less thui the 16, it 
is manifest that they will buy a less number of yards ; and 
therefore, it b less rcquii'ing less ; for 4 shilliugs ace 
less than '16 shillings, and require a less number for 
yards ihaii S. 

INVERSE PROPORTXUN. 

J'ufiil. Inverse ptftporiion is defined to be, when n 
re^uii-ck Ic^Ki »r, k hen le6% lequii-es more ; and c 



1 

rds^ I 
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prop6rtion haa been shown to be, when more requires 
more, or, when less requires less: From which it ap- 
pears, that, when they are both alike, that is, both more, 
or both less, the question is direct ; but when they are 
different, that is, one more and the other less, the ques- 
tion is inverse. But, notwithstanding this is tolerably 
plain, I am still at a loss, in many cases, to determine 
whether the question is direct or inverse : and therefore, 
I should like the subject further illustrated, by a few ex- 
amples. 

Tutor. To determine whether the question is direct 
or inverse, depends entirely upon the judgment ; but, 
notwithstanding it is exceedingly puzzlinfij to scholars, 
it is not difficult to be understood. The reason that so 
few scholars get to understand it, is, because they go to 
work without considering whethertSe question belongs to 
direct or inverse proportion ; and after having wrought it^ 
one way, if it does not bring the answer, they try it ano- 
ther ; and so, after several trials, they will perhaps get 
the answer. By this means they get such an imperfect 
knowledge of the rule of three, that, if a question were 
given to them without the answer, they could not find the 
answer to a certainty, and therefore, the learning of the 
rule of three is of very little use to them. 

The meaning of more requiring less, and less requir- 
ing moi'e, may be shown thus : When the third term is 
greater than the first, and the answer, according to the 
nature of the question, is required to be less than the se- 
cond, tfcen it is more requiring less. Again, when the 
third term is less than the first, and the answer, accord- 
ing to the nature of the question, is required to be greater 
than the second, then it is less requiring more. To ex-;' 
plain it more fully we will take an example or two. 

Example. If 5 men can do a piece of work in 24 days, 
how many days will it take 8 men to do it ? 

Now, it is manifest, that 8 
men can do a piece of work in men^ daysj men. 

less time than 5 men ; and If 5 . . 24 : : ^ 

therefore it is more requiring less ; for 



ARITHMETICAL ILIA'aTSATOK. 

;n are move tlian 5 mcni and Uiey require less than 
21 (Imv^io tlo II piece of work. Whence ii is inve.rsi 



li'a fuotmuD perform a journey ill j tlays, when the 
days arc 16 hours loiig-, ho\^ many days will he retjiiire oi 
12 hours long' to pcfronnihe same i 

Hcri; il is luaiiifosi, that whcii • 

tlic,day3ui-e but 12 hours long it Atiurs. days. Aowrs 
will take moredrtya fbraperson If 16 .. 3 : : 12 
to pci'furm a jouriioy, ihaii when 
the (lays are 16 hours long j and therefore, it is lets 
qiiirini; more ; for 12 hours are leas than 16 hours, i 
they require more than 3 days. ^Vhence this is also 
rac, 

THE RULE EXPLAINED. 



J'u/iil. What is the reason, that muiliplying the first 
and second terms together, and dividing the product by 
the third term, will bring the answer ? 

Tutor. In inverse proportion, the firsuctm bears the 
same proportion to the third that tiic answer does to the 
second, and this being the case, the third term must bear 
thu same proportion to the first that the second does to 
the answer. Thereforei if we invert the Brat and third 
terms, that is, put the iirst term in the third phce, and 
the third in tbc first place, Ihe proportion will be 
direct; and then, if we multiply the second md third 
IS together and divide by the first, it will bring Ihe 
answer. But this would be doing tlie same as to multi- 
ply Ihe first and sccondtogcthcr, and divide by the third, 
without inverting the first and third. Whence it is plain. 

J'u/iil. In some questions of the rule of three, there 
arc four numbers mentioned, one of which is not to 
be used in Uic staling, how are we to know to a certainty 
which this number is? 

Tulnr. The superfluoua number, or the number 
which is not to be nsed in the staling, is always mention- 
ed twice. For instance in the 1 1 ih example of Appliea- 
iwn to the rule of three, in Ihe American TmIov's Aasist- 



of 

i 
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ant, the 48 shillings are mentioned twice ; for they are 
first mentioned, and then it sajrs ' for the same money ;* 
which is the same as mentioning^ the 48 the second time. 
Therefore, the 48 is the number that is not to be used. 

Pufiil. Some of the questions in Application, in the 
American Tutor's Assistant, are very hard. Please to 
explain a few of the hardest, to wit, the 1 6th, 18th, 19th, 
32nd, and 24th. 

Tutor. We state the 16th example in the first place, 
thus: As I/. 7s. 10c?..4 E. E, : : 118/. I7s. 7^. which 
gives 341 E. E. Sgr. \na. Then since there are 33 ells 
Flemish \qr.2na. in a piece, we say, as 33 E. F. \qr, 
}ina. . \ ft. z : 341 E. E. 3qr. Ina. to the answer. And, 
since the 33 are ells Flemish, and the 341 ells English, it 
is manifest, that we must multiply the 33 by 3, and the 
341 by 5, to reduce them both to quarters. Whence the 
work is plain. 

1 8th Example. Here, the height of the pole bears the 
same pi'oportion to the length of the shadow of the pole, 
that the height of the steeple does to the length of the 
shadow of the steeple. Therefore, we state the question 
thus: As 50/^. 1 1 m. .. 98//. 6 m. :: 300^2^. S i?i. to the 
length of the shadow of the steeple, which is 58 1/r. 7 in. 
Now, since the width of the river is required, and since 
the steeple stands ^0^. ^in, from the river and its sha- 
dow extends 30 /t. 3 in. beyond the fiver^ if we add the 
20Jf, 6 in. and ^0/t. 3 in. together and subtract them 
from SBlJi. 7 in. the length of the shadow, we shall of 
course get the width of the river. 

1 9th Example. It is m4nife9t, thajt aboard of l/L wide 
and 20ft. long, contains just 20 sqiiare feet; and there- 
fore, we state the question thus : As l/^ ,20 ft. :: 7^in. 
S2ft the answer : that is, if 1 foot wide requires 20 feet 
long, 7^ inches wide will require 32 feet loi^^ 

32nd Example. Many teachers direct their SQhol9XS 
to work this question in the followiny manner. 



c 51 
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3 - 20 Ansioer 150 

This method, noLwithaianding it is shoi-t, is, in my 
optnien, very improper. P'ov, if tlie numbers do not 
bear a pi-oportion lo each other similar to the proportion 
that 10 bears to 20, 30 lo 40, kc. it will not do." For 
InBtancc, ifthe nombeva had been 10,30, 50, & TO, instead 
of 10, 20, 40, and 80, this method would not huve pi-oiU^- 
Ced the answer. 

To work this question by the rule of three, the proper 
method is as follows. 

M. C. M. C. 



" 1; 


80 


! 1 


80 


1 : 


80 



This method may be explained thus : since it takes the 
last pipe 80 minutes to fill the cistern, I suppose allihe 
pipes to run' 80 minutes, and find how many cisterns 
each win fi|l in that time, which I add together. Then, 
sinceall the pipes running together 80 mmutea, will fill 
Is cisterns, it is manifest, that the above stating will 
show how long it will take them td fill one cistern. 

If 1 bad supposed alt the pipes to run together any 
other number of minutes, instead of the 80, it would have 
answered the purpose ; the 80 was only used for conve- 
niency. 

34th Example. Here, we first say,'as I sec, . \\i,1fk_ 
60 sec. . 68520 il. the number of feet that sonnd fliesJi 
mimitc. 



tbi's inethod wiUnot produce ihc answer. 



geomctricid progre 
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Theti) since a person in health has 75 pulsations in a 
minute, we say, as 75 puis. . .68520 ft.::6 puis ..54814 ft« 
the answer. 

THE DOUBLE RULE OF THREE. 

PufiiL How is it that this is called the double rule oi 
three) seeing it contains but five numbers ? 

Ttaor, The reason that it is called the double rule oi 
three, is, because it contains two statin gs of the single 
rule of three : for notwithstanding it contains but five 
terms, it can be wrought by two statings of the single rule 
of three ; and this is the way that we are told to work it, 
to prove the work. 

PufiU, I should like to hear this matter explained a 
little further; but perhaps I had better get a more per- 
fect knowledge of the manner of working by one stating, 
in the first place. Therefore, please to illustrate the 
manner of stating the question. 

THE RULE FOR STATING EXPLAINED. 

Tutor, To explain this we will take an example. 

EXAMPLE. If 1 2 oxen in 1 6 days eat 20 acres of grass ; 
how many acres will serve 24 oxen 48 days ? 

Oxen. Oxen. 

In this question, 12 oxen are If 12VAcres r24 
supposed in 16 days to eat 20 a- days l 20 -J days 
crcs of grass ; and therefore, the 16 J (.48 

12, 16, and 20 aie the terms of the supposition. Now, 
without looking at the answer,* it is easy to determine 
which of these numbers is of the same name with the an- 
swer ; for the question says. How many acres will serve 
24 oxen 48 days ? Wherefore, it is manifest that acres 
are required, and that the 24 and 48 are the terms on 
which the demand lies, and thereforey agreeably to the 

* The student should always be taught to state the question 
without looking at the answer, in both the single, and double 
Rule of Three ; for, if he does not know how to da Oai&^ Vvcr« S^ 

it possible ibr him to find the unswet \i^> ^ ^«t\absvN-^ y ^\vs2^*>xs& ^^^. 
pVen f 
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, njlei tlic 13 and I S must be put in the first place, llieSt" 
n the second, and Lh« 34 and 43 in the ttuitl. 

Puliil. To detei'tnine whether the iiuestion is dirtct 

ir inverse, we are directed to consider the upper, and 

I lower paif of esircmes, each separately with the middle 

term, as & stating of the single Rule of Three. This is 

TC17 dark to me. 

~ In the first place Lt is to he observed, that licrc, 

single Rule of Three, Direct Proportion is, 

when more requires more, or less requires less ; and In- 






c Proportion 









s less, or less re- 



t us consider whether ibc before mentioned 
L question is direct, or inverse. OKen. Osen. 

Todothis, we consider the la, If l2')Acrcsri4 
20, and 24, and the 16, iO, and days l 30 J days 
48 as two distinct statings of the 1 6 J (^48 

wngle Rule of Three, thus: If 12 oxen eat 10 acres of 
grass, how many acres will 34 oxen eat inihesunie time.' 
that is, will they cat more or less ? ic is manifest they will 
I eat more in the snine time, anil wc ai'e to allow them 
e time ; for we are not to take the 1 6 and 48 days 
[ Bi all into conaidcraiiou iii this slating. Wherefore, 
iiorc requiring more ; for 34 oxen are more tlian 
, and lliey require m.orc than 30 acres. Whence 
this stating is direct. Again, if in 16 days ao acres of 
t grasa be eaten by any number of osen, (the 12 and 34 os- 
o be taken into consideration in this stating) 
how itmny acres will the same nunaber of oxen eat in 48 
days? that is, will they eat more, or less ? It is manifest 
hey will eat more, for iliey have more time to do' it. 
therefore, this is also more requiring more ; and 
r therefore, the question is direct. 

We will take another example and explauiihe matter 
further; 

ExAUPLE. If afbotmun travel 240 miles iu 
when the days arc 13 hours long ; how many days will 
require t(» Intvd 730 miles when Ihcdi^siure 16 tit 
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miles, milea. 

Here in the firai place, If 240 ^ days C 720 

since a person can travel hours C 12 2 hours 

240 miles in 12 days, wc 16 H^ f 16 Ts 

consider how many days it will take him to taavel 720 
miles ; and the sense clearly dictates that it will take 
more ; and therefore, it is more requiring more. 
Whence the first stating is direct. In the second stating, 
since, when the clays arc 12 hours long, it takes a person 
12 days to perform a journey, it is plain to be seen, that 
it will not take him so many days to perform the same 
journey when the days are 1 6 hours long ; and therefore, 
it is more requiring less ; which shows it to be inverse. 
Whence this question is inverse. 

PufiiL I should like now to see a question wrought by 
two statingsof the single Rule of Three, and the work 
explained. 

Tutor, Let us then take the first of the before men- 
tioned examples, and work it by two statings. 

Oxen. Acres. Oxen. 

This stating shows, that, As 12* . . 20 : : 24 
if 12 oxen in 16 days will 2 2 

eat 20 acres of grass, 24 

oxen will eat 40 acres in the 40 acres, 

same time ; and, since in 16 days 24 oxen will eat 40 
acres, it is manifest, that the second stating shows, the 
number of acres that the same oxen will eat in 48 days : 
which must be the true answer to the question. 

Days. Acres. Days* 
As 16* . . 40 : : 48 

3 3 



120 Acres ^ ansnv. 
THE RULE EXPLAINED. 

From what has been said the rule for working the dou- 
ble Rule of Three may be explained, thus : It has bcow 
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ahowu in Miilli plication and Division, that to multiply Iv 
two numbers anddividc by other two, will produce the 
same number, as to multiply by the product of the rovnier 

wo and divide by.liie product of ihc latter two. But, in 

'Orking by the single Rule of Three, we multiply by the 
lasl two terms, and divide by the first two ; and, in \vork- 
ing by the double Hole of Three, we multiply by the pro- 
duct of the last two icrms, and divide by tJie product o I" 

he first two. Whence the reaults must be the same. 
Pu/iit. The note given in the Assistant to show ho^v 

o contract and cancel tlic double Rule nf Three, is so 
veiy dark that ! cannot understand it, Can it not be ^voril- 

Taior. I should word it thu.i : If either nf the fii'^t 
two terms, or both) ivill divide uny of the jiutt thi-oc, or 
if any •f the laat three will divide cither of the lii"*! ^^v(^ 

■ if any other number will divide one of the first two bdiI 

le of the last three without remainder; the operation 
may be contracted by cancelling such terms and wsiiig 
their quotients in their stead. 

Pufiit. Please to do the 8th (juestion in Inverse Propar- 
lion io the American Tutor's AsistanI, by cancellini;, 

Tuitr. In the first place To T7"l 
we may observe, that there '. 
are three statings of tlie sin- 
gle Rule of Three in this 
question ; each of which 

lust be considered separ- 

lely to determine whether 
is direct, or inverse. The \ 

rst is manifestly inverse; 
for 30 men will require less 
days than 1 5 men to eat any f|Uflniity of bread, 
cond is direct i for 13s. 4rf. worth of bread willlasiuny 
numberof men a longer lime than 3«, worth. Again, the 
third is inverse ; for when wheat is sold at 6*. per bushel, 
any number of shillings worth will last a nmnher of men 
a loDgev lime, than when wheat is sold at !>*. per bushel. 
Wlicrefore, the 15 and 30 must be inverted. asalsoil,e 
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Now, to cancel the statement, I first observe that thjB 15 
will go into the 30 twice without remainder ; and there- 
fore I set down the 2 and cancel, or cross out, the 1 5 and 
30. Then I divide the 2 into the 1 3^. 4d, and cancel the 
2 and 1 3s. 4d, Again, I perceive that the 3 will go into 
the 9, 3 times ; so I divide and cancel the 3 and 9. Last- 
ly, I cancel the 6^. and 6 days, for being both alike they 
destroy each other. Now, all the numbers being cancel- 
ed except the 63. Sd, and the 3 below, I multiply them 
together for the answer. But 3 times 6*. Sd. make 20« ; 
and therefore, it may be thought that the 20 are shillings ; 
but in this case they become days, for the middle term is 
days, and the result is always of the same name as the 
middle term. 

Fufiil. Please to show me now how to state the last 
question in Application. The reason that I cannot state 
it is, because it has but three terms. 

Tutor. This question is hardly suitable for this place ; 
for the scholar having never studied interest, does not 
know what is meant by rate per cent. ; and therefore he 
cannot supply the terms that are understood. The rate 
per cent, is the interest of 100 L. for a year ; and the 86L. 
\78.4id. mentioned in the question are the interest and 
principal added together of 86i. for 8 months ; and there- 
fore, 8 Si. 175. 4rf. — 86i.=:2Z.. 17ff. 4f/.=the interest of 
86-L. for 8 months. Wherefore the question may be wor- 
ded in the following manner, which will make the stating 
very simple. 

A usurer put out 86Z*. to receive interest for the same ; 
and when it had continued 8 months, he received 2L. \7s. 
Ad. interest; what is the interest of \00L, for 12 months 
at that rate ? 

THE SINGLE RULE OF THREE THE NEW 

WAY. 

Pupil. Do not some Teachers direct their scholars to 
work the single and double rule of three by rules difler- 
cnt from those in the Assistant ? 

Tutor. Yes ; there are several eminent Teachers with- 
in my knowledge, who have ^o^\.^^^ \£iR.Njssa^^\ nj^^-^^- 
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ig, or I'atlici- of stating those rules, \rliich is dilTui 
from that in common use. n.nd is pveferabte to It ; for, it 
is abundautly more scientific ; and is much cosier foi' 
scholars to learn, and further, it ilcstioya Inverse Pro- 

Thc common way of slating the Rule of Three is mani- 
festly improper! for, when four numbers are proportion- 
als, the tirst bears the same proportion to theaecoud, thai 
the thii-d docs to the fourth ; which does not hold good in 
It of the Rule of Three, unless we con- 
sider the numbers abstractedly, which would be improper 
when they are applicate. For instance] if\»esay, As 3 
men-,4 days::6men..8 days, [which is the common way 
of stating the Rule of Tlii'ee) we may easily discover an 
impropriety ; for it is tlie same as to say, that 3 men bear 
the same pi-oportion to 4 days that 6 men bear to 8 days ; 
which is absurd ( for men can bear no proportion to days. 
fiutifwesay, As 3 men..6 men::4days..8 days, (which 
s the new, or proper way of stating the Rule of Three} 
mpropriely init ; for it is manifei 
e proportion to 6 men that 4 



i^reaffl 



we can discove 
that 3 men bear the s. 
Jcar to 3 dc^s. 

To know how i 
the following 



e questions the new ■n'sy obftcn 



GENERAL RULE. 

?ritc that number for the third term, which is of tl 
sBtne kind witli the answer or number sought. Consider 
from the nature of the question whether this third ten 
greater or less than the answer ; and if greater, write 
greater of the other two given numbers for the first ti 
and the less forthc second ; but if less, write the less for 
the firstterm and the greater for the second. 

The question being stated the answer is found by this 

GENERAL RULE. 

Reduce the first and second termsto the B) 
■lalion ; (if neccssftrr) then multiply the second and third 
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terms together and divide by the first; the quotient will 
be the answer in the denomination of the third term. 

The rule for stating the question may be illustrated by 
a few examples. ~^^^ 

Example. If 3 yards of cloth cost 12 fthiilingS) how 
much will 5 yards cost ? 

In stating this question^ it is easily peixeived that the 
answer required is money ; and therefore the 12«. which 
is also money, must be written for the third term^ or put 
in the third place. Again, since this third term is the 
price of 3 yards, it is evident, that it is less than the an- 
swer or price of 5 yards ; consequently 3 the less of the 
other two given numbers must he put in the first place, 
and the 5 in the second. Wherefore the stating will 
stand thus : 

ydfi, yda* s. 

As 3 . . 5 : : li" 



20«. answer, 

Anotheb Example. If 8 men mow 12 acres of grass 
in a certain time ; how many men will it take to mow 9 
acres in the same time ? 

In this example we see the answer required is men ; 
and therefore the 8 men must be the third term ; and, 
since this third term is the number of men that mow 1^ 
acres, it is of course greater than the answer or number 
of men that mow 9 acres ; therefore 12 the greater of the 
other two given numbers must be put in the first place aiid 
the 9 in the second, thus: As 12 J..9 ^::8 M.,6 M 
the answer. 

A THIRD Example. If 5 men can finish a piece of 
work in 24 days ; iiow many men must be employed to do 
the same piece of work in 15 days ? 

Here we see the answer required is men ; and there- 
fore the 5 men must be the third term ; and, seeing this 
third term is the number of men that must be employed 
lo do a piece of work in 24 days, and the answer the num- 
ber of men that must be employed to do the same piece of 
work in 15 days, it is manifest thaX. \3cw^ ^Jkl^^xik^^sob^Nr'^ 
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than the answer; and rhorcEbre ihe 15 the less of ihe o 
cr two given terms must be put in the first place, and the 
34 in the second, thus ; As is d..34d!!5 M..S M. 

TJ"ia question is one of those that are called inverse ; 
but it may be shown to be theoretically of tlie same nature 
with those that are called direct. 

It is evident from the question that 5 men can do fifteen 
times thisvrorkin3ixl5, orSGOdaya; and that the num j 
ber of men requiredi must do twenty four limes the same 
work ill 15x24, or 360 days. Wherefore the qU«tion 



It 5 mencan perform apieceof work 15 timesin accr- 
lain number of days; how many men will it take to do 
that piece of work in the same number of days '- 
It may he worded in a moie simple manner, thus : 
If 5 men can perform ts pieces of work in sen days; 
how many men will it take to do 2i such pieces of work 
in the same time ? 

THE DOUBLE RULE OT" THREE THE NEW 
WAY. 



To know how to state q 
■way, observe ihia 



1 this rule the new 



GENERAL HULE. 



Set that term in the fifth place which is of the 
kind with the answer ; then lake either pair of the simili 
terms, and form a stating with them and the fifth tci-m t. 
in the single Rule of Three, observing the direction! 
there given ; then uke the other pair of similar terms 
and form another stating with them and the fifth term. 

The question being stated the answer is found by this 

CENER.VL RULE. 

Reduce Ihe similar itrmslolhc same denomiiiatia 
then multiply the first term »ud the one ihai stands ur« 
U togsUiai' for a divisor, and the other tljrce for a dli ideol 



4 

iame I 
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the quotient will be the answer in the denomination of 
the fifth term. 

The rule for stating may be illustrated by an example. 

Example. If 4 reapers have 1 2 dols. for 3 days work ; 
how many men will earn 48 dols. in 1 6 days ? 

M this example the answer required is men ; and there- 
fore the 4 reapers must be the fifth term ; and, since this 
term is the number of men which earn 12 dols, it is of 
course less than the number of men that earn 48 ; con- 
sequently, the 12 the less of the two similar terms 12 
dols. and 48 dols. must be put in the first place and the 
48 in the second. Again, since the fifth term is the 
number of men that 3 days require, it is of course great- 
er than the number of men that 1 6 days require to do the 
same work; and therefore, the 16 the greater of the oth 
cr two similar terms, must be put in the first place and 

e 3 in the second. 

dalh, dolls > 
13 48"! 

tMen 
4 



PRACTICE. 



PufiU. I can work Practice very readily after I get the 
parts taken right ; but I find the taking of the parts to h^ 
very difficult. 

Tutor. What is meant by an aliquot part ? 

PufiiL The parts mentioned in the t^le$9 I expect, 
are aliquot parts ; that is, 1 farthing and a halfpenny are 
the aliquot parts of a penny. Again, Ixf.lhd. 2d. &c,. 
are the aliquot parts of ashillingi &c. 
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Tutor. It is true these are aliquot parts ; but this is 
not giving the definition of an aliquot part. Ad aliquot 
port of any number, is Guch a part as nrill exactly measure 
it, or divide it without a remainder. Now the J and the 
j of a penny, or 3 and 4 will divide 4 farthings without 
remainder ; and therefore, a halfpenny, and a fartKng 
are the aliquot parts of a penny. Again, Id, l^i^,3(^, 3(/, 
4if, and Get, are the aliquot pans of a shilling; for I, 1|, 
3t 3, 4j andCwilleach of them divide ISd. wittutptre' 
munder. 



THE ROLE 1 



1 1st exflaiked. 



The rule to case let says, take such aliquot part 'or 
parts of the ^iven quantity, as the price is of a penny, for 
the answer iu pence. Now the given quantity is ^e giv- 
en number, or number of articles, as ^ gallons, yvds, 
&c. and the given price is the price of a single article, 
and the answer is the price of all the articles together. 
Wherefore, to show that working by the rule i^ill bring 
the answer, we will take the following example. 

What will 47 ) 3 rts. amount to, at i per lb. ? 



Ms. 



L. 14...14...6 



lb». 



L. I4...U...6 



Now the rule directs us to take the same part or parts 
of the given number that the price is of a penny; which 
1 have done in the first of the above operations j and that 
it brings the answer in pence, may be shown thus : If 
the price had been a penny) it is manifest, that the 4713 
Iti would have .imountcd to just 4712 pence ; and there- 
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fore, by taking I' of the 4712 lbs. we get the number of 
pence to which they amount at a halfpenny a piece ; and 
by taking ^ of them, we get the number of pence to which 
they amount at a-fo'thing a piece, aond by adding thede two 
numbers together, we get, of course, the number of pence 
to >rhich they amount at three ^rtliings a piece. Whence, 
the 35 34 are pence ; that is, the answer in pence. 

The second operation is different from the first ; for, 
instead of taking ^ of the top number, I have taken ^ of 
the second number, which must be equal to ^ of the top 
number^ because the second number is ^ of the top num- 
ber. The reason that I took ^ of the second number is, 
because 1 "farthing is the |^ of a halfpenny, and the second 
•umber was produced by a halfpenny. 

This method is called, taking parts of parts ; and when 
ever it.ifrill apply it should be use,d> for it is much the bet- 
ter way. 

THB RULE TO CASE 2nD EXPLAINED. 

From what has been said, the rule to case 3nd,asalso 
chief of the following niles in practice, must be manifest ; 
for, it has been sh(^wn, that if we take the same part, or 
parts of the given number that the price is of a penny, it 
will give the answer in pence ; and consequently, if we 
taXe the same part, or parts of the given number that the 
price is of a shilling, it will give the answer-in shillings. 
Therefore, all I have to do here is, to explain a little ^e 
mianner of taking parts ; to do which, I will work the foK 
lowing example several ways. 
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EXAMPLE. 

What will Sloo y»rds UDount to U 5 Jd. per yari > 
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Thusdve Bee an example wrought six dilFerent ways. 
, - In taking the parts in the first of these ways, I say, 4 d. 
tii-e ^ of a shilling, and 1 d. is -^ of a shilling ; and, 
»Dce they are both parts of a shilling, I divide them both 
into the top number. Then, I say, a halfpenny is | of I d. 
&nd divide it into the number that was formed by the id. 
Lastly, I Mjt iLfarUuBR is j of a halfpenny, and divide it 
into the T^gilgl^fft was formed by the halfpenny. 

In the ^Sna^ff, instead of saying Id. is U12ofa 
shilling, I say, Id^lKiof 4d. ; which must of course 

Inihe third wji^Pky, Sd. are jofa shilling; l|d. i 
Df3d.; td.iof1^.; and 1 farthing, 4 of a Id. 

In the 4th way, I say, 3d. are ^ of a shilling; ahal^en- 
ny .} of 2 d. &c. 

In the 5th way, I say, 3 farthings are j of 3 d. and di- 
vide it into the number that was formed by the 3d. 

In the 6th way, I ajy, l^d. is ij of a shilling j and I 
fcrthing^of 4d. 

When the parts may be taken several different ways, 
we should endeavour to choose the ahoitest. 

Pu/til. The Assistant says, When the complement of 
the given price, in any case, is an aliquot part, deduct the 
said aliquot part of the given quantity therefrom, and the 
remainder will be tlie answer of the skrae denominatioa 
with the integer, of which the divisor is a part. 

I do not understand this j for I know not the meaning 
of the word complement. 

Tutor. The complement iatht ^S«,-cetvMi\«.v»w^'*s«' 
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price and the integer of which it is a part ; and .it is fouiid 
thas; when the pvice is fartiiin^s subtract it from a 
penny; when it is pence, from a shilling; and when it is 
shillings, from pounds. The remainder in each cas" ■' 
the complement. 

~ plun it further, let us find the amount of ^ 
It lOJd. per gallon, by this metiiod. 

3130 
390 



I gallor 



L. 135..10 

Sy^ subtracting the I04d. from a shilling, we get l^d. 

[ T»hich is the complement. That is, we find that tlie price 

n gallsnlacks but 1 J d. ef being a shilling. Thore- 

F fore, since ata shilling per gallon, thcsnfniintAi shillings 

. would be equal to the given number, if we find theamouut 

t l^d. pergallon, and subtract it frott the given number, 

[ the remainder must be the amount ip shillings, at 10^ d. 

scr gallon. . 

Pufiil. The second rule to case 4th slys. If the price 
>c even shillings, multiply by half the price, and double 
I the first figure of the product for shillings, the rest of the 
product will be pounds. This is a very short way of find- 
ing the answer ; but I da not understand the reason of it. 

Tutor. It may be explained thus : By multiplying Sy 

half the number of shillings, we get half the answer i» 

shillings; which, being dividedby 10, instead of SO, will 

of course give the answer in pounds. But, by doubling 

the first figure at the right, for shillings we take one fi- 

gure from the number, which is the same as dividing by 

' ; and iherefoie, the remaining figures must be the 

[ ftDBwer in pounds, and the figure that we double, half the 

[ shillings i-emaining, which shows that it must be dou- 

' Wed. 

Pufiil. I think I understand Practice now toIcrafa1|g 
»wW except [he last case. 
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IRE RULE TO CASE 7tH EXPLAINED. 

Tucir. We may explain the last case very easily by 
the help of an extonple. Therefore, we will take the foU 
lowing, viz, 

Whu is the valtte of 12C. 2 qra. U lbs. at 3 L. lU. 
perC. ? 
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We firat multiply the 3 X. Uf. bythe IS; that it, 
we multiply the price by the integers of the quuitlty, aa 
the nile directa ; whicli must give the value of the IS C, 
And, since the 3X. 14^*. are the valoe of IC, |oft]ie 
3i. 14 a. muBtbi^e value of 2 gr«. and ^of thishalf^" 
must be thevaluifof i41fe; for 14ft are 1-4 of 3qr». 
Wherefore, byadding these values together, we get tlie 
whole valiie % or the value of the IS C. 2 qrs. 14 ft. 



TARE AND TRETT. 



PwfiiV. The rules to case tst and 2nd in Tare and 
Trett, arc so simple that I think I can explain them my- 
self. 

Tutor. I am glad to heiir that i sogooivwUh.titfiTO. 
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THE RULE TO CASE IST EXPLAINED. 

PufiiL Case 1st is very plain, for since the tare is 
the weight of the barrel, box, bag, &c. or whatever con- 
tains the goods ; and the gross, the weight of the goods 
together what contains them ; and the neat, the wciight 
of the goods alone, it is manifest, that we must subtract 
tbe tare from the gross to get the neat. 

THE RULE TO CASE 2mD EXPLAINED. 

In the 2nd case, the given tare is the weight of one of 
the articles that contain the goods : and therefore, it must 
be multiplied by the number of articles to give the whole 
tare ; and this must of course be subtracted from the 
gross to get the neat. 

THE RULES TO CASE 3d EXPLAINED. 

Tutor. Let us now explain the rules to case 3d by the 
help of the following example. 

Sold 10 casks of Alum, weighing 48 C. S qrs. 12 lbs. 
gross ; tare 14 lb. per C. wt. ; what is the neat weight ? 

fig C. qra. lb. 
14ax|)48 .. 3.. 12 gross, 
6 .. .. 12 tare. 



42 ,. 3 .. O neat. 



The first rule tells us to deduct from the gross such 
aliquot part or parts of it, as the tare is of a C. wt. and the 
remainder will be the neat. Now the tare in this exam- 
ple is 14 lb per C. wt. that is, thei*e are 14 f^ tare in ev- 
ery C. wt. gp'oss { and therefore, since 14 Jfe are ^ of C. 
wt. if we take -J of the gross^ it will of course give the 
whole tare. 

The second rule is simply the rule' of Three, thus : As 

1 12 Jb gross are to 14 |b tare, so arc 5444 ft gross to 

the whole tare ; to find which, we multiply the 5444 by 

the 14, and divide by the 1 12 j vvhich is the same as work- 

Jijgr by the rule. 



AKITHMETICAL. ILLUSTRATOR. 47 

THE RULE TO CASE 4tH EXPLAINED. 

The suttle is the same as the neat in the preceding^ 
cases, and found the same way^. And, since there are 4 
ffctrett in every 104 Jfe suttle^ and since, 4 are tjJ of 
104, if we divide 104 tb suttle by 26 it will give the trett 
they Qontain ; and therefore, if we divide the whole suttle 
by 26 it will give the whole trett ; which being subtracted 
from the suttle gives the answer. 



SIMPLE INTEREST. 

PufiiL I can work the most of the examples in Inter" 
«st by following the directions of the rules ; but I do not 
think that I understand the ground-work of a single rule. 

Tutor. That is frequently the case with scholars ; they 
hobble along in some manner through Interest ; and when 
ihey get through, they know but little about it. The i^a- 
son of this is, I conceive, because they have not a perfect 
knowledge of the meaning of Interest. ' There are some, 
who have gone through Interest, that) if they were asked 
the nieaning of the words, per cent, per annum, they 
could not tell. Therefore, before I go to explaining the 
rules, it will be necessary for me to illustrate the mean- 
ing of Interest ; which I will do by the help of the follow- 
ing example ; viz. * 

What is the interest of 220 L, for 2 yeara at 6 per cent, 
per annum ? 

To give an idea of the meaning of this question, I may 
nrst observe, that per cent, means per hundred, and per 
annum; per year ; and that, since Interest is defined to be, 
a consideration allowed for the use of money, if I were to 
let a person have 100 /.. for a. ycar^at 6 per cent, at the 
end of the year, he would have to give me 6 Z. for the us& 
of the 100 L. ; that is, he wouMhave to gpiyS'tne 6Z.. inter- 
est for the use of the 100 L, 1 year; wfeabk^L..'ix^^'55i^^'^ 
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the rate percent. ; and therefore, the rate per cent is always 
the interest of 100 L. for a year. Wherefore, it is mani- 
fest, that if I were to let a person have any sum of money 
for any time, at 6 per cent, the interest that he would 
have to give me, mus^t be at the rate of 6 L, on 100 for a 
year. 

THE RULE TO CASE IST EXPLAINED. 

From what has been said, the rule to case 1 st may ea- 
sily be explained ; thus : since it has be shown that the 
rate per cent, is the interest of 100 i. for a year, it is ma- 
nifest, that let the principal be what it will, it must bear 
the same proportion to its interest for a year, that 100 Z.. 
bear to the rate per cent. Wherefore, to find the interest 
of the 220 X. mentioned in the example, we must say, 
As 100 X. principal are to 6 i. interest, so are 220 X. 
principal to the interest of the same for a;j year ; to find 
which we multiply the 220 by 6 and didive by the 100 ; 
that is, we multiplyjthe principal by the rate per cent, and 
divide by 100 as the rule directs. When the time is more 
y^ars than one, it is plsun that the interest for one year 
must be multiplied by the number of years to get the whole 
interest. 

THE RULE TO CASE 2nB EXPLAIXED. 

This case is nearly the same as case 1 st ; for here we 
multiply the principal by the pounds of the rate per cent, 
as before. Therefore, the only difference is this; In 
this case the rate per cent, is ^ ^ or | of a pound more 
than even pounds ; and tlicrefore, we have to tak^ parts 
of the principal for the parts as in practice; by which 
means we must get the true interest. 

Pufiil, Paul's Assistant says, * If the interest be requi- 
red in Federal money, multiply the principal by 1 6, and 
separate the product of the pounds for the interest in dol- 
lars and cents, at 6 per cent.' This is a veiy convenient 
rule ; but I cannot see into it. 

Tutor, Let us see if we cannot unravel it by the help 
of the following example. 



ARITHMETICAL ILLUSTUATOK. ^ 

ExAMPLK. What is the interest, in federal mfmeyy •£ 
9S7L. I8s. 1 \d, for a year, at 6 per cent. F 

Z.. S. jD. 

987 18t 11 

4X4=16 



3951 15 8$ 
158,07 2 8 
158 dols. 7 ct9. 

If wc examine this closely we shall find that it is very 
simple ; for, if the interest had been required in pounds, 
we should have multiplied by the 6 per cent &c. But 6Z. 
iire equal to 1 6 dollars. Therefore, by multiplying by 1 6, 
and cutting off two figures at the right, we must get the 
interest in dollars. 

Perhaps it would not be amiss for me to remark, before 
we go any &rther, though it seems too simple to need a 
remark, that the rate per cent, is not confined to pounds ; 
for, if 100/.. bring G*pound interest, 100 dollars will bring 
6 dollars interest, 100 cents, 6 cents. Sec. 

PuJiU, There is another rule in Paul's Assistant which 
I should like to see explained. It runs thus : If the prin- 
cipal be in dollars, and the interest required in pounds at 
6 p^r cent, multiply by 2\ and divide by 100. 

Tutor, This is the reverse of the other and equally 
simple ; for, if the interest had been required in dollars, 
wc should have multiplied by 6 and divided by 100. But 
6 dollars are 3Z. 5«. that is, 2^ pounds. Therefore, if 
wc multiply by 2^, and divide by 100, it must give the in- 
terest m pounds. 

PufiiL Bennett's Assistant says, ' When the princi- 
pal is dollars, multiply by the rate per ce^t. the product 
will be the interest for one year, in cents.' 

This rule is so plain that I think I can explain it my- 
self. To do which, I have only to observe, that, if we 
multiply tlie principal in dollars by the rate ^er cent, ^\m1 

E. 
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divide by loo, we know wc shall get the inteiesi in dolll 
But, if wc multiply these dollars by 100, wc shall reduce 
them to cents. Thei-efore» if we omit dividing by 100, 
we must have the interest in cents. 

There is another rule in Bennett's Assistant which T 
will undertake to explain. It runs thus : 'When the 
principal is dollars and cents, multiply by the rate per 
cent, and sepwaie one figure to tlic right of the product, 
(as a remainder or frai:tion) the left will be the interest 

The piincipal here being dollars and cents, we may 
consider it altogether as cents. But, if wc multiply the 
principal in cents, by the rale per cent, and divide by 100, 
wc sliall get the interest in cems. Therefore, since 10 
mills make a cent, dividing by 10 instead of 100, will of 
course give the iuierest in mills ; and separatin 
figure to the r^ht is dividing by lo. 



■self, t ' 
'which 

oughin 



Seeing I iiave undertaken to explain rules myself, t 
will try my hand upon those locase 3d ; the first of which 
says, 

As the months, weeks, or days in a year, 
Are to the interest of the given sum for a year ; 
So are the months, weeks, or days in the time gii^ 
To the interest required. - 1 

I tliink I now understand proportion well enough t_ 
see, that the interest of the given sum for a year, must 
bear the same proportion to 13, 52, or 363, that the an- 
swer, or interest required bears to the given number of 
months, weeks, or days. Therefore, if we first find the 
interest ofthe given sum for a year ; ihcn, make a slating 
of the rub of three according to tlic nature of the tjues- 
tion, we niusi giit the answer. 

'Che sccofidttile tells us to take the aliquot parts of the 
yearly interest, for the, given parts of a ycai'; that is, 
wemust hi'st find the interest of the given sum for a 
year; then take the same part or parts of iliis i 

that the given tltnc i* of a year ; which i '~ 

s-/re the answer. 
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TUS RULE AND KOTE IN TKE A. t/s ASSISTANT, PACKS 

87 AND 88, EXPLAINED. 

Please to explain to me now, the rule and note in the 
American Tutor's Assistant, pagea 87 and 88 ; for they 
appear to me, especially the note, to be very abstruse. 

Tutor, The rule is very plain : for the interest o£ 
lOOZ. at 6 per cent, for a year, or 12 months, we know 
is equal to half the number of months ; and if so, the 
interest of the same for any other number of months 
must be equal to half the number of months. Therefore, 
multiplying by half the number of months and dividing 
by 100, must give the interest at 6 per cent. 

Witji i^espect to the note, we may observe: that, by al- 
lowing 30 days to a month, the interest accumulates too 
fast ; for 13 times 30 make but 360 instead of 365 ;. and, 
therefore, we ipake the interest for a year due 5 days too 
soon; and 5 days are ^ part of a. year, for 5 will go 73 
times in 365. Therefore, we make the interest due ^^ 
part of the right time too soon ; and if so, we must of 
course make it i^ part of itself too great ; and conse- 
quently if we divide it by 73, we shall get the pai*t to be 
taken from it to reduce it to the true interest. But, if we 
divide tf^ 72 instead of 73, it will make but a trifling 
differenee ; and therefore, we will call the 73 for conven- 
iency 73. Now the pounds with the. units excepted are 
ten times greater than the interest that should be divided 
by 72; and, therefore, they must be divided by 720 to 
give the put to be deducted. But, 3, 1 2, and 20 multiplied 
together make 720. Therefore, if wc divide by 3, 12| 
and 20, we shall get the part in pounds to be deducted. 
Whence dividing by 3 must give the pence. 

Pupil, There are rules given in several Assistants 
for finding the interest of any sum as computed at the 
banks, at 6 per cent. In what manner do they compute 
interest at the banks? 

Tutor, I will endeavour to show the manner, and e^«> 
plain the rules as they are given in Bennett's Assistant, 
by the help of the following example, viz. 
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Whatisthcinierestof ii4adollBrs, for 90 days, a 
per cent. ? 

To show how lo work this, I may first observe, thi| 
lerest Is calculuted at the benks aficr ihe rule of 'SfiO^q 
sieadof 365 days to the year; by ivhirh means 100 dol^ 
larsin'GO days gain I dollar interest; and iherefare, the 
first rule may be cspkined by working ihe csaiiiple by 
'be double fUle of three, thus : 



Doh. 
If 1 00") 
Day,. \ 



Dr,U. 

Dot. ri54a 

I. 90 



Xow we know, ih&t, if we nurliiply the 1 5*5 by thC'<i^^V 
iiUd divide by 6000, the product of the TOO by the fiO,ftc \ 
shall gcttlic interest in doUnrs. Therefore, since 1000 ^ 
mills make a doltai^ if wc divide by 6, instead of 600&, ^ 
we shall get the interest in mills. Bui mtiliiplying the 
1 543 by the 90 and dividing by 6, is doing jtisi as the first 
rule directs. Whence the first rule must be plain. 

The second rule says, if the principal be any number 
of dollars, the interest for 60 days, af fi per ceni^will be 
exactly the same number of cents ; anil for the tiffle more 
or less than 60 lake aliquot pans. 

To make this ruje clear, I need only observe, that it 
hasbecnshowntliat 100 dollars in 60 days gain 1 dollar, 
or loo centsintercst ; that Is, 100 dollars principal gain 
100 cents intcrcsi ; and, therefore, the imcrcat of any 
uUicp number D^ dollars must be the same number of 
rents. 

The thii-d rule is il^c same in effect as the first, for if 
WE divide the 90, in llie statement, by 6, and multiply the 
l542by thcflooiientiicinust produceihcsame number as 
tamuliiply 0« IS42b)- the 90 and divide by the 6. 

^Pulul. With regard lo Tnsui-ancei Commission) an# 
Bfoknpc, I may obarrre, that Insurance and Comi 
■arc \i\m\\ , Lut Brokage seems somewhai dark. 
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Tutor. Tobndthebrokage. the rule says, £vidq 
iium by 1 0S|^ and take such aliquot pans of tlie quo^ 
Ips the bt'o£agc is of 3l pottnd. 

By dividing the sum by i 00, *b get the brokage o 
1 i., per cent, anil by taking tiie same part or parts of IhU 
that the brokage is of a pound, we must get the brokage 
required. 

Pu}hI. The last three cases in interest appear very 
dark lo me, and not only so ; but it seems as if I couki 
never learn to work them without applying to the rules. 

Tutor. That is mostly the way with scholais, they 
make out to work through these cases by the assistance oC 
the rules and the teacher ; and after they have gone sev- 
eral times through them, they cannot do questions in 
them without the lielp of the book. Such scholars ought 
lo consider that they may some time have occasion to 
worksuchquesiions when they have noassistant by them- 
¥oT this reason, they should try to le«m to perform the 
operation from the nature or sense of tlje case, without 
^looking at the rule. 



CASE STK EiCPLAI 
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ExjftpLE. What principal, at interest for nim 
at 3 per cent- per annum, will amount to 72)L. ? 

Let us now sec if we cannot work this examph 
out applying to (he rule. The amount, time, and'^ 
per cent, we see arc given, to Bnd the principal. N( 
is manifest, that the limount of any principal must bear 
the same proportion lo its principaj, that the amount of 
unother principal does to its principal. Wherefore, sinr& 
TOO/., added to the rale per cent, are the amount of lOffi!^^ 
for I yeai-, if we multiply the rate per cent, by the titaefi 
and add the product to lOOZ.. it will give the amoimt^ 
lOOi.. at the rate and time given ; and this amount 
be toils principal, lOOi.as the given amount is to 
quired prineipal. Whence, lo work the cxampli 
mustfirsl multiply the 5 by the 9,andaddtlie proi" 
100, and then make a stating of the rule of three, 
As Usi.. amountareto lOOi. principal, bo arc 
junottnt to the principal reqyiwei. 

, £_a^ 
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CASE 6th explained. 

Ekamplk. At what rate per cent, per annum, 
SOOi, Bmount to 735ZJ in 9 years ? 

In this case the amoiint, lime, and principal are given 
to find the rate per cent, and it is manifest, that the given 
principal must bear the same propoi'tion to its interest 
for the whole time, that lOOi, pnncipal do to their inter- 
est for (lie same time i and this last interest divided by 
I he time must give the rate per cent, seeing the rale per 
oent. is the interest of looi,. for a year. Wherefore, to 
ivork the caample, we must first subtraet the principal 
from the amount, which will give the interest for the 
whole tinie. Tlitn we must make a stating of the rule 
•if three, thus i As 50o2.. principal are to 2251., interest, 
s6 ai-e lOOi, principal to the interest of the same foi- 9 
years ; which, being divided by 9 must give the rate pcv 



ciSR 7t« explained, 

Example. Jnwbat time will SOOi.. aipoum to725J,. 
at S per oent. per annum ? ^ 

We may observe here, that the principal, amount, and 
rale per cent, are given, to find the time ; and that, since 
tbc interest of the given principal for I year, must be 
multiplied by the lime to give the whole interest, the 
whole interest must of course be divided by the interest 
for I year to give the time. Whence, to work the exam- 
ple,, we must find the intereiil of the 500Z, tor ayear, 
andtikvide it into the whole interest, and it will give tl 



COMPOUND INTEREST. 



■J*ii/iii. 1 believe I understand compound interest 
trttt^ well ! forit is performed by several opemions of 
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simple interest. That is, we first find the interest of the 
given principal for a year, aiid add it to tlie given princi* 
pal, and call this sum the principal for the second year. 
Then we find the interest of this last principal for a year, 
and add it and the principal together, and call the sum 
the principal for the thiixl year, &c. making as many ope- 
rations of- simple interest as there are years given. 



REBATE, OR DISCOUNT. 

Tfitor, What is the meaning of rebate, or discount ? 

PufiiL The assistant defines it to be^ ah abatement for 
the payment of money before due, by accepting so much 
as would amount to the whole debt at the time payable, at 
a given rate. But this definition is beyond my compre- 
hension. 

Tutor, I thought so, for it is beyond the comprehen- 
sion of many ; and therefore, I will endeavour to explain 
it. To do which, we will suppose a person to buy goods 
at a vendue to the amount of 106 dollars, the conditions 
being such as allow a year's credit ; but having money by 
him, he is willing to pay the cash, provided the seller will 
allow him discount at 6 per cent, that is, provided he will 
take, instead of 106 dollars, such a sum, as, being put 
out to interest for a year at 6 per cent, will amount to 106 
dollars. But 100 dollars will amount to 106 in a year at 6 
per cent. ; and therefore, 100 dollars are the present 
^ worth of 106 dollars at 6 per cent, for a year ; that is, they 
are the sum tt>at the seller should receive at present in- 
stead of 106 dollars at the end of the year ; for it will be 
just as profitable to him to receive 100 dollars now as 106 
at the year's end, seeing 100 dollars will .gain 6 dollars 
interest in a year. 

From what has been ssdd, it appears that the whole debt 
is the amount of the present worth at the rate and taao^ 
given; aod the rebate) or 4i&coMW\. >Ccw^ vcw\rx^'^^'^ 
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same ; for 106 doltarB arc the amoum of 100 dollars for' ' 
a year at 6 per cent and 6 dollars are the intercsi of the 
same. Wherefore, to find the present worth, we must 
lirattind the amount of 100 at the rate and time given; 
and then say, as this amount is tc 100 dollars, or pounds, 
its present worth, sols the whole debt to its present worth ; 
which is the same in effect a.s the rule, and also as case 
3lh in simple interest ; and there it must be plain. 

Some people take the discoimi to be the interest of the 
sum due; but they are under a great niifttake, for it is the 
interest of the present woilh, as has been shown. Such 
people, for instance, take the discount of 100 dollars for a 
year at 6 per cent, to be 6 dollars ; and if so, the present 
worth must be 94 dollara. But the interest of 94 doUai's 
for a yearat 6 per cent, is less than 6 dollars ; and there- 
fore, the creditor will lose by allowing 6 dollars discount. 
Whence) the discount, in this case, ought to be less thiui 
6 doUarE ; thut is, it should be 5 dollars 66 ceiys. 



EQUATION. 

_ _, Efjuation is very simple in its operation ; but 
1 cannot see why tht sum of the products of the several 
paymunts by their times divided by the sum of the pay- 
ments, gives the equated tinne. 



Tutor. The reason of it may be shown, thus : The 
products of two or more payments by their times, arc to 
one another as the interests of the payments ; for the in- 
terests of the payments for the same time, are of course 
to one another as the payments ; and therefore, the pro. 
ducts of these interests by their times must be to one 
fujothev as the products of the payments by the same 
But the iiite«;at of tlie a\im ol i-^t \ia'jti\tTv\^ w 
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the equated time must be equal to the sum of the inter- 
ests of the several payments at their respective times, 
that neither party may sustain loss. Therefore, the 
product of the sum of the payments by the equated time, 
is equal to the sum of the products of the several pay- 
ments by their times. Whence, the sum of the pro- 
ducts of the several payments by their times divided 
by the sum of the payments, will give the equated 
time. 

Notwithstanding equation appears tolerably simple, 
there has been considerable controversy among Mathema- 
ticians concerning it. Some, and I believe the greater 
number, maintain that the rule which I have just explain- 
ed, does not give the true equated time. Others hold 
that it docs, and endeavour to prove it. Nicholas Pike in 
speaking of it, says, ^^ This rule is' founded upon a sup- 
position, that the sum of the interests of the sevend 
debts, wl^^ch are payable before the equated time, from 
their terms to that time, ought to be equal to the sum of 
the interests of the debts payable after the equated time, 
from that time to their terms. Some, who defend this 
principle, have endeavoured to prove it to be right by this 
argument ; that what is gained by keeping some of the 
debts after they are due, is lost by paying others before 
tfaey are due ; but this cannot be the case ; for though by 
keeping a debt after it is due, there is gained the interest 
of k for that time ; yet by paying a debt before it is due, 
the payer doe^ not lose the interest for that time, but the 
discount only, which is less than the interest." 

Prom these words of Pike, it appears to me, that the 
occasion of the dispute is this, to wit, those who maintain 
that the rule is false, calculate whether either of the par- 
ties gains or loses by the equated time at the equated time, 
and they find that the payer gains a trifle, and the receiver 
loses as much. But those who hold that the rule is true, 
calculate whether the equated time occasions any gain or 
loss at the time of the last payment ; and they find that it 
occasions neither ; and it appears to me that the latter is 
the propel method of computation ; for when we consider 
the case at the several payments, to make a comparison 
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with theequaioit time, wc find how the parties are t 
cumstanced at the time of the last payment ; and 1' ' 
fore, if ihc equated time cnuaesthemtobe eiicumsta 
in the same way at the same time, (which it doei 

think we may safely conclude that it isthciniee 



I 



Pu/iil. As the rule for working barter di ___ 

work by the rule of three, riirecl, or inversei or by prac- 
tice, as- the tenor of the question may require, tlierc 
seetns nothing here thai is necessary to be explained 
for I think I understand thes« rules now pretty well. 

Tutor. Though that be the case) I may remark, thati 
when a question may be wrought more ways than one, w 
should endeavour to choose the shortest way. For instanc 
the first example in barter in the American Tutor's Ai 
sistant, is wrought two ways ; by the rule of three direct, 
and inverse, and as the latter is much the ahorter methodi 
it isto be preferred. The second example may likewise, 
be wrought by the rule of three inverse j aa also by *''^- 
1st, 2nd, 6th, 7lh, and 8th, in Bennett's Assistant. *" 
tice should be used wherever it will apply, for it is 
ly shorter than the rule of three. 

I'ufiil. Please to show me how to work the last qucST 
tion in this rule in A, T.'s Assistant," 

7'utvr. The way to work it, ia tbiB : SL.Xl2^=Z7L. 
lOs, the value of A'b hops at the barter price. Again, 63. 
gallons at 5s per.gallon=l5l.. 15«. the value of B'&ba^" 
head of wine at the cash price, which is to be r: ' 



.ewise. 

m 



proportion to A's demand, thus 



As 3L. \Gs..3L:i] 



i:*inpk ill lUis rule i" Bunnctt's A 
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15«..16Z. 17«. 6dy the value of B's wine at the barter 
price. Whence srZ. \0s.^\6L. 17*. 6£/.=20i:. 12«. 6d. 
the answer. 



LOSS AND GAIN. 

Pu/ill. We arc directed to work loss and gain by the 
rule of three, or by practice, as the nature of the question 
may require ; but it is very puzzling to me, notwithstand- 
ing I understand these rules. I am very much at a loss 
to work, much more to understand, such questions as 
have gain or loss per cent, mentioneid in them ; and there- 
fore, if one of these were explained, perhaps it would 
cast some light upon the rest ; for instance, the 3rd in the 
A.T.'s Assistant, which says, '^ hats bought at 4s. a pieco> 
and sold at 4^. 9d, ; what is the gain per cent. ? 

Tufoir. Since per cent, means per 100, it is manifest 
here, that we are to find how much will be gained by sell- 
ing as many hats as cost lOOZ. at the rate of 9d, gain 
on one that cost 4«. Whcreifore, the question would be 
plain, and easily stated, if it were worded in the follow- 
ing manner, viz. If there be 9d. gained by selling a hat 
that cost 4«. how much will be gained by selling as many 
as cost lOOL, ? 

Pti/itl, I begin to see into it now ; ,yct, if the 6th and 
7th questions were explained, I think it would make it 
still plainer : which are as follow : 

6. Bought 60 reams o{papcr, at 15s. per ream, what is 
lost in the whole quantity, at 4 per cent. ? 

7. Sold 500 penknives, at 1 5d. a piece, and 9 per cent, 
loss ; what is lost in the whole number ? 

I can work the first of these questions so as to get the 
answer, hut not the second ; which is a mystery to me ; 
for I think the second ought to be worked in the-^^^ss^ 
manner as the fir^. 



1 
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Tutor. It is a great mistake to imagine that the 
ond must be wrought io the same manner as the first 
and it is a mistake which many labour under ; «nd there 
fore, I will cnileavour to rectify it : To do which, I may 
lirat observe, that the difference in the nature of the two 
questions, depends solely wpon the words, bought, and 
soldi for the first says, bought GO reams, Etc. and the 
second, sold SOO penknives, &c. Now ihc gain or loss 
is always reckoned on the prime, or Grst cost ; that is, on 
the sum for which the articles were bought, and not on 
that for which they were sold. But the value of the 60 
reams of paper at 15*. per ream, is the first cost of the 
paper ; aod therefore, to lind the loss on it, at 4 per cent, 
we must of course say, asi lOOL.ia::4Ss..lL.i6s. But 
Uie first cost of the penknives is not known; for their 

nount at ISif.apiece. is that for which they were sold ; 

;vcriheless, since the loss is at per cent, it is known, 
that as many penknives as cost 1001.. must be sold for 9 1 L. 
that 9i-. may be lost. Therefore, the 91/.. the sum of 
the sale of a certain number of penknives, must bear the 
same proportion to the lOOZ,. the sum for which they 
were bought, that the sum of the sale of the SOO bears to 
that for which they were bought i and if so, the 91i.must 
bear the same proportion to the 9L. loss, that the sum of 
the sale of the 500 penknives bears to the whole loss. 
Whence, QS9l/...9/.!:31/.. Ss.,3i,. U. 9(/. *. 

Pufiil. I understand these questions now tolerably 
well J but there are some others that I do not, viz. the 
I3tb, 1 4th, '23d, and 24th. 

Tutor. In the I jih example, or question, we find, hy 
subtracting the I81L. from the 35i. that \9L. gain 7i.. in 
4 months ; and itis plain, thai it is required, at that rate, 
to find how much !0()Z,willgaininl3momhs. Whence, 
the double rule of three will ap^y. 

lu the Uthexaniple, we first find by practice, that tlie 
value of the 300M,at4«. SJ. per M. is 62i-. I0«. the first 
cost. Then we find by the same rule, that the value of 
the 300 tb. at Ss. per tb. is 75L. the amount of the Sale ; 
but sinpe 8 nionths credit are allowed, we must find the 
present worlli of the rsi.. for S months at 6 per cent, 
thus: ^s IOi/...:aoLr.75L..lZL. Zi^^X^, the j}t 
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veorth of the sale. Therefore, 721.. 2«. 3^. — 62Z/. 16*=k 
9L. 12*. o\d, the whole gain. 

To find the gain per cent, per annum, we take the 62Z.. 
10». from the 75L, whicK shows, that the 62jL. lO*. in 8 
months, gain \2L, IOa. ; and then, since it is required 
at that rate, to find how much lOOZ. will gain in 12 months, 
the stating becomes simple. 

In the 2Sd example, it is manifest, that the first cost of 
the 1 ^ of pepper must be \2\jd, since there are 2d, lost 
by selling it for 10^ ; and therefore, to find the loss on 
lOOZ.. we must say, as \2^,.2dvAOOL, 16i. 

In working the 24th example, many people make use 
of about 5 times as many figures as are necessary. The 
shortest way of working it, and of course the best, is the 
following. 

As T00Z..i25-L::T6-8. As 28«..T2/d::20«. 
4-5 4 4 4 

4 ■ — 

— 80 lb, 

20#. 

The reason that these two statings bring the answer 
may be shown, thus : Since each cask of raisins cost 1 69. 
and was sold so as to gain 25 per cent, it is manifest that 
the first stating must give the number of shillings for 
which each cask was sold, to wit, 20«. Again, since 
each cask was sold fi)r 20«. and 1 12 f^ for 289. it is clear, 
that the second stating must give the weight of each cask. 



FELLOWSHIP. 



PufiU. The first case of fellowship is very simple ; 
for it is plain to me, that each man's share of the gain or 
loss, must bear tfaA same proportious t,o \xv& ^Vax^ ^^ ^ic^s^ 



1 
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stock, (hat *he whole umin or loss bears to ibe whole 
stock; and theiefore, the ruleisplun. 

1 shoald like now to see the rule to case 2d explained. 

THE UCLBS TO CA.SE 2d BXPLAIXBD. 

Tutor. That may readily bo doneby tltc hclpof an 

ExAnTFte. A. and B. traded jointty i A- [Hit in 300/.. 
<or he months ; aiidB. tOO£.. for iSmonthii tbeyguned 
eoX.; what must eikch -Itavc ? 



Now, to sliow that tWa waj- of working ^ivcs each 
man's share, 1 may observe, that, if A' s stock hml been 
18 times 200Z. for I month, instead of 200/., 



months, and B' 

of 100 for 12 months, it 

would have been the sau 

and thei:efoi-e, agreeably 

have been the 

that 18 

200/., will 



kOO for the same lime, instead 
s manifest, that jtheir stoctLs 
that their products ai-e now j 
case 1 si, the statements would 
they are now. Bm it is plain, 
200/.. will gain the same in I month, that 
S months, ajid that 12 times 100/. will 



gain the wme in 1 month, tliat lOOZ,. will in 1 2 months 
Whence it is manifest, that tlic sum of the products is 
to the whole gain or loss, as each man's product is to liis 
ahnreof the gain or loss. 

Pu/iil. I should like now to ace the lust c|Hestion in 
fellowship in the A. T's Assistant solved i for llie sohi.- 
tion of it is entirely out of my reach. 

Tutor. It is solved thus : 456 + 431+3r5=l263,»nd 
l363-i-3=631=the nfhDle: gain. The reason that the 
1363 must be divided by 3 to get the whole gain, is manl- ' 
fest. for A. B. and C's goitis are each of them mentioned 
twieein the foi-egottag nombers. Now, since the »urn of 
C. and B's sbarvN is 4^1, C. and A's 3.T5, A.and B's456, 
if 'WC'iakecftcbof ibatwiisonibc wh^e gain, we shall 
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have each main's share of the gain. To find the price of 
B's cloth, we say, as A's gain is to the product of his 
stock by his time, so is B*s gain to the product of his 
stock by his time ; thatis, as200..6O0:;256..768, the pro- 
duct of B's stock by his time ; and since B's time is 8 
months, 168-^8 =9 6Z..=B's stock, or the price of his 
cloth ; and 96Z..-i- 1603sil2«w-^he price per yard. Again^ 
to. find the price of C's wheat, we say, as 200..600::175.. 
535; and 525-T-7a75X. and 75X.-f-240— ^a. Sd,^ihe 
price {MT bu»heL 



£XCHALNi3£;. 



FttftiA I oas iworib some o^the /tiiantpkA in cexchoiige 
t}fr the help o€ the tables ; but I undeirstaad. bul very little* 
ab94«b thorn;, tke: reasfm o£ which is^ perhAps, because L 
do notiioderstand fvdly the mefuung:of. exahange^ and.o£ 
t^ terias par and agio. 

Tumr, The assistant tells the. meankig of eiBchange^ 
as.iblsiaof those terms^; but perhaps I cant simplify them 
a liltle ; but I shaJll first make some obserrataons vespcct^ 
ing mi9ney. 

There are two- kinds: of money, viz. real and. imaginary^ 
Real money is a piece of metal coined by the authority of 
the state, and current at a certain price, by virtue of the 
said authority, or of its own intrinsic value. For instance,, 
an eagle, an half eagle, a dollar, a half dollar, a quarter 
dollar, a cent, or any other piece o£ moneys is real money^ 

Imaginary money is a denoanination, or name, used, to- 
express a sum of money of which there is no real species ; 
that is, it is a name used to express a sum of money of 
which there is no piece of metal of the same name ; for 
instance, a pound is an imaginary sum, for there is no 
piece of money that is called a pound. A shilling is als.a 
an imaginary sum in this co\mV.v^, lo\\q^\iaM^^<^^5\sy^^^ 
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money tliatis c&Ilcd a shilltiig. The same m 

with respect to it penny and a farthing. A pound in Eng> 

lanil is also an imaginary sum, and so is a livre in France. 

Rtal money is the Sdme in all countries antl states ; but 
imaginaiy money is qtiite dilferent in sonie couiitrie& and 
stutcB, from what it is in some others. Wherefore, it is 
uiaTufc St, thill there would be no such thing as exchang- 
ing of money, if tlicre were no imaginary money in use ; 
and if BOi how easily the United Slates might make the 
Ist case in excliangc become useless, by laying aeide en-, 
tirely the use of pounds, shillings, 8cc. 

Par of exchange is the intrinsic value of [he money in 
one country compared with tliat of another ; as one pound 
sterling is equal to 33 shillings and 4 pence Pennsylvania 
currtney. To make it more plain, suppose a merchant 
of Pliiladelphia in eschang;ing with a meichant of Lon- 
don, were to allow him S3 shillings and 4 pence Pennsyl. 
vaniacurrency for each pound sterling; the exchange 
would then be at par. 

Agio is a term used to signify the differenee, in some 
countries, between bank and cuiTent money ; for bank 
money is considered better than current money in some 
countries. The agio is always at so much per cent, j and 
therefore, it is manifest, that the agio must be added to 
100, of any kind of current money, to make it equal to 
100 of bank money of the same kind. Wherefore, ihc 
I3lhquoalion of foreign exchange in ihe A. T's Aasist- 
ftnt, must be staled thus: As 104 fiorina-lOO dorins:: 
4376 florirs..4ay7ilovin8, IJ slivers, 13 pcnnings, the an- 
swer in florins ; and since S florins make a pound Flcm- 
ish,~^lhe 4207 florins must be divided by fi W i-cdur.e them 
to poimds. 

Again, to work the 19th question, we must say, as It.. 
uter(iijg..33ii. lorf. Flemish "990/,. Ila, lOrf. steriinj 
49i-t. ll». Srf. Flemish ; and a a 100/.. ,10*/.. IOjs: 
Hs.fiil..S[3L. I4«. It/, the answer. 



A«tH»rt!ti(ihL ■ti.uariiA'rtnt. 



1 will now say something respectlttg the rules; the 
fim of which aajs, 



: the 



TbifttH ver^ simple i fori, for inttancei if we havft 
Mitt Pennsylvania currency to reduce to New- York cur- 
rency, since a dollar in PennaylvaniLi is 7s. erf. and in 
New- York 8s. it is manifest, that we must say, as 7a. 6rf, 
arc to 8«. so is the given sum to its equal in York money. 
To explain the second Mile, 1 must explain the tnblg, 
which may be done thus : 'I'o reduce New-England cui* 
rency to ?ennfcylvaniacHrreacy< ihc table says, add one 
4th. Now. since there arc 4 eighteen peftces in a dollar 
in New-England, (a dollar ihere being 6s,) and 5 In a dol- 
Itir in Pcnnsylv.iniu, if we add <»ie 4th of the 4 eighteen 
pcncesto themMlves, it will make i eighteen penoes i 
thath, it will reduce R dollar New-£nglund curreacy to 
a,dollar PennsylvaniAcurrency i and since the rule hoUb 
good in adollai't it will of courie hold good itt any ether 
Min. Again, if we take one 5th of S ciglueeu pmces 
foamthenisclves, we shallhave 4 ei|;hteen pences left ; 
ttuit ill we shall reduce Penntylvunia currency to New- 
England cuiTency, as the table directs. The reit <if the 
rules in the table are fonndcd upon similar principles ; 
Mid therefore, they are not hard to be undr-rstood. 

The rule 10 case 3nd says, the various operations, in 
the exchanging of monies, arc performed by the single 
rale of throe, or by practice ; therefore, it needs no ox* 
pfauMiian { however, 1 may ohMfve, that when the ex* 
ehamge is at so much [ieru«nt. if the answer, from tha 
tiKtareof thec|uastioD, is reciuii^d to be greater than Iha 
given number, the (question maytbe wr6Ughv by chher 

' tke rule of three or piaciice ; but pfactioe ie to be pre- 
\ .ftrrKd. But if the nature of the ({uestion requints the atw 

< '«w«rto he less thiin the given humtocF, H eaii be wrought 
4)F A* rule of tbrre only. 

Y 1 
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Pufiil. Exchange sqipcai-s plain to me now, all 
the 23d and 24th questioaa in the A. T.'s Assistant. 

Tutor, TIte SSdqueHtionis wrought thus; As 400 
reas..52rf:jl iniU-i-ea..l30rf. ; and as 34j. ,W..l/,i:l30d,. 
IS.J^d. the cxacC answer, which is something more than 
75irf. 

In the 24th question, wc first find the commission on 
ihe 1200 crowns, at J per cent, to be 6 crowns; then we 
say, ASS5.^..1206CiiS6<i.ll84^C.tnvera«l}- i and ISOOC. 
— 1184 ^C.= ISJ-|C, the answer, which isa little more 
than 1 3\C. 



VULGAR FRACTIONS. 



4 



Pupil. The assiaiani says, tlial a vulgar fraction ia u 
part or parts of an integer, and i^ denjoted thus : ^, one 
eighth I \, seven eighths. The upper number is called 
the Bumeralor, and shows the pait, or parts, expressed 
by the fraction ; tlie lower number is called the denomi- 
nator, and denotes the number of such pans cont^iined in 
I unit. This definition is so very dark, thut I know but 
ery little more about the meaning of a fraction now than 
I did before 1 siiw it. 

Tutor. It may be made more plain by supposing a 
ingle article of any Wind, for instance, a yard of cloth, 
to be -divided iuto«ny number of equal parts, we will say 
" and by supposing any number of those pans to be ta- 
ken, we will say 5 ; for, in this case, the 8 becomes the 
lower number, or denomiuHlor, and shows the number 
«f pai'ts the yard b divided into ; iuid the S becomes the 
upper number, or numeratoi', and shows the number of 
parts that are taken ; asf therefore, the fraction must be 
expressed thus, |, that is, five eighths, or five of tha 
S parts which the yard was supposed to be dividi-d ii 
«Ril, since we have supposed j of the yard to bi 
there must be | left ; for, since 5 and 3 miike 8, \ 
must make ^ (r^ic It is the whole. 
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To make it still more plaie, let us suppose a shilling 
to be divided into 1 2 equal parts ; then, since there are 
1 2 pence in a shillingf each of those parts is a penny ; and 
therefore^ 1 penny is one twelfth of a shilling ; 2 pencc» 
two twelfths, Sec. that is, 1 penny is-j^ of a shilling ; 2 
pence, ,| ; 3 pence, ^ 8cc. 

Fi*actions are frequently considered abstractedly ; that 
is, without being applied to any article ; for, we can con- 
ceive a unit or 1 to be divided into any number of equal 
parts, as well as a yard or shilling ; and therefore, any 
fraction may be called a fraction of a unit or 1 ; for in- 
stance, -f may be called 4 of a unit or I, as well as f of a 
yard. 

A pix>per fraction is always less than I or unity, and to 
be so, the numerator must of course be less than the de- 
nominator, for when they are equal j the fraction is equal 
to 1 ; for then the numerator expresses the same number 
of parts as the denominator, which is the whole unit. 
Wherefore, -J, f, |, 'f,|, f, ^, |, |, &c. are all equal to one 
another ; for, from what has been said, each of them is 
equal to 1. Whence, if the numerator of a fraction be 
greater than the denominator, the fraction is then greater 
than 1 ; and therefore, properly speaking, it is not a frac- 
tion ; but, being expressed in a fractional form, it is called 
an improper fraction. 

Pufiil, I think I understand the meaning of fractions 
now tolerably well ; but I do not know why they are call- 
ed vulgar fractions. 

Tutor. The word vulgar signifies common ; there- 
fore, vulgar fractions are common fractions ; and are so 
called to distinguish them from decimal fractions ; for 
their denominators are, as it were, common to all num- 
bers ; that is, the denominators of vulgar fractions may 
consist of any numbers whatever ; but the denominators 
of decimal fractions are confined to tens as will be shown 
in its proper place. 
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REDUCTION OF VULGAR FRACTIONS.. J 



CASE 1st explained. 

PuftiL To reduce a fmciion to ha lowest terms, vre 
iii-c diiected to fiod the common meusui'Ci und lo divide 
both terms by lu I do not understLiud tills ; for 1 know 
not wbut. is mciint by the common meMure, nor by reduc- 
ing a fruction tu it^ lowest terms. 

Tular. In the first pluce it should 1>c known that a 
fraction may be repi-estnicd uii iniiniie number of difier- 
ent nays without altering the value of ii : For instance. 
ii ^ f > li tV \V ^'^- '^''^ *^' equal lo one another ; for they 
u'e each of them eijual to ^ because the numerator of 
wich is etjual to -^ its denominator ; and Ciich of them miijr 
be deduced to ^, (which i:^ its lowest terms) by dividing 
both terms by the greutest number that will divide them 
both without remainder ; and this number is called the 
common d 



THE RCLES SXFLAINED. 



To show that the common measure may be found by 
working by the rule, let us lake the following exumplei 
via. Reduce l-J to its lowest terms. 



24)60(2 



, 12)^4(2 
24 



Eurei 1 



Now it Ib plain to be seen, that the common meaEurei 
in this example, cannot be greater than 24, for it mus 
ilivide the 34 without remainder j and since 34 will di 
vide itself without remuimler, if it would divide the 6i 
without remainder, it would be the common measure 
fcuf ive find, hy dividing it into the 60, that it leaves a re 
mainderof t3 j and tberelore, ainyt \hc tiQ wosaajt (il 
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24'sand 12 over, the greatest number that vill divide 
the 24 and 60 without remainder, must also divide the 24 
and 12 without remainder ; wherefore, the common 
measure cannot be greater than 12. But 12 will divide 
itself and the 24 without remainder ; and therefore, it 
must be the common measure. Whence the rule is 
plain. 

It may now be observed, that it is plain, from the 
above example, that it does not alter the value of a frac- 
tion to divide both terms by the same number ; for | are 
equal to fj, and the | were produced by dividing both 
terms of the f$ by 12. 

Pufiil, It is plain to me, that dividing both terms of a 
fraction by the same number does not alter its value, pro- 
vided f and f^ are equal to each other \ but I cannot see 
that they are. 

Tutor. There has been enough said to show that they 
are equal ; however,! it may be proved, thus : Since in one 
of the fractions the unit is divided into 5 equal parts, and 
into 60 in the other, each of the parts expressed by the 
60 must be 12 times less than one of those expressed by 
the 5 \ and therefore, the 2 in the f must be equal to the 
34 of the parts expressed by the 60 ; which proves the 
fractions to be equal. 

Now, since it does not alter the value of a fraction to 
divide both terms by the same number, it is manifest^ 
that it cannot alter the value to multiply both terms by 
the. same number. 

In reducing a fraction to its lowest terms by the second 
rule, we are at liberty to use any numbers whatever tfiat 
will divide both terms without remainder ; and when we 
get the fraction so that no number will divide both terms 
without remainder, it is in its lowest terms. The fj may 
be reduced by this rule thus : 

6) 2) 

24 4 -.2 



AH1TII«ETICVL nvLVSTftATOEj 
Vn^ RULE TO CASE Shd EXfLAtKSa. 



Toexplam the rule to case and- let us reduce ' 
and I to ii common denoinuiaioi', 



2X4X3X8=193 \ 
3x3x3x8=3l6f . 
1X3X*X8= 96 I- 
7X3X4X3=253 > 



3x4x3x8=1268 Common. dciu>ia!na,Utr. 

By placing each of thes-e new numerators over 
common denomlnalori we liave ^||, y||, ™i aod'^_, 
which are equal to ^, j, j, and | ; that i(, |^=|; |e4=ir. 
kc. which may easily be proved; that is, ii may easily b«. 
proved, that, reducing fi'^cliona to a common denominar 
tor by the rulci does not alter their value ; foe it has been 
shown, -.hat multiplying both terms of a fraction by the 
aaine number docs not alter iti vaiue, and if so, mullipjy- 
mg both terms by the same numbers cannot alter its value. 
But, by examining tlie operatioDi weslull. find tliat cucL 
ntimerator and its denomitutor ace multiplied by the 
same numbers ; for the numerator 2, is multiplied by 4, 
3, and 8 ; and its denominator 3, is also multiplied liy 4, 
3,.and 8 ) therefore, ^^ is equal to |. The suioe may be 
sbown respecting llie rest* uud tbereforei. the rule, is 
Ifliiin. 

There is another mciliod to reduce fractions to a 
n«ji dcnomuuitor ; which is us followsj 

If any two, or niori; of the dcnomioalors can be div}^ 
fty any number witbouL remaindci;, di\ide them l»f-.^^ 
th£n divid« the <tiUotientS( and ihc undiviilcd dejiomiwr 
tors im like manner, until they all become so ihat 
ber will divide two of them without remainder. Multi- 
ply the divisors, quoticnW, and ihe undivided numbdrs 
cimtinuully for a common multiple. Then, divide ills 
multiple by each of the denominator, and multiply tl)esc 
(luutients severally by Ihc correspondent numerators for 
the numerators required ; under which, place th 
liplc. for the least ] joss ible common denominator, 
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Let us now 'take the same fractions that we *had before, 
and reduce them to a common denominator by this 
method. 



4)l> -I h I 
3)3 1 3 2 



4x3X2«34 Oonvmon multiple. 



•Ma 



1 •1.1.2 24-4-3,4, 3,and«^8, 6, Sand S> ,, ,. , 

2 3 1 7 5 Multiply. 



16 18 8 2] numerators 

-The comnxontaultiple is the least possible common 
idenominator ; and thei%£M'e,iby plaoing each of the new 
'nnmevators over it, nnre iiave H) tbp i^ ^^^ ih ^^h are 
equal to f , 4) h ^^^ 7 » ^^^ both terms of each Action 
are malitipj^ied i>y the same nacnber ; which may be 
shown thus : Tiic numecators 2, 3, 1, .and 7 are multipli- 
ed, we see, by 8, 6, 8, and 3 ; and these nuntbers were 
produced by dividuigthe 24 by the denominators 3, 4, 3, 
and 8 ; and therefore, if we multiply -each of tlie^leneoi- 
iiiatorBhy the name one of those numbers that *we multi- 
^plied its nomeratDivJby, it will produce 24. Whence it 
•is plain. 

THE 3d AVD 4th cases EXPLAINED. 

The 4th case being the reverse of the 3d. by reducing 
-Ml example j for instance 1 4^9 lo an improper fraction, and 
back again to a mixed number, we maycxplain'both. 

Since the I denote a -onite divided into 8 equal pacts, 
•and 6 of them taken, each one of the 14 contains 6 such 
.parts ; and therefore, by multiplying (the 14 by 8, and ad- 
ding inthe 5, as therulc dsreacts, we get ^''f the nujaedBer 
«f joighths in 14.f . 

Ag^n, since the ^'^ were produced by multiplying^the 

-whole DUiKd>er of the 1 44 by 8 adding in the -5:^ it is ma- 

;iudefit, that if we divide the 117 by the 8, it willxeduce 

ihem'backto 14.|; that is, it will reduce the impsoper 

faction ^"^ to aanixod^numberi^ecMblY to the mA^. 



THE 
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O CASE 5th BXFI.AINED. 



I 



Hg 2 of I 
Wheacc I 



To reduce a compound fraction to a single one, 
other words, to I'educe the fraction of a fraction 
fraction of a unit, the rule directs ira to multiply all the 
numerators together for a new numerator and all the de- 
nominators for a neiT denominator. To explain this let 
us reduce |of |toa single fraction, thus : ^K^'^i ihM. 
is, ,*j of a unit; wherefore, |of jof aunii, arc ,*j of a 
unit according lo the rule ; and that it ia so may be shown 
thus : The ^ denote a unit divided into 4 equal parts and 

3 of them taken, and, seeing the 4 are f of the ^, they 
denote each of the .1 in the | divided into 3 equal parts 
and 2 of each 3 taien. But by dividing each of the 3 
into 3 equal part^, the ^ become ,\, and by taking i of 
each 3 in the 9 we get ,^j as above ; and ,", ^ J, Wheacc 

4 of 1= J. 

To simplify it still moret -^ of ^ may be shown to 
thus : -^ of ^ is maniCestly ^ ; and if so, f of J mual 
which are ^. 

Examples in this case may frequently be very 
contracted ; to show which let ua reduce | of ^ of ^ 
of 4 lo a single fraction. To do this by the rule the work 
will sund thus; |x|x|xixf=ij|o' ^t' "Offl4o = 
*)?la=3V- % contraction the work will stand iJius : 

Jxlxjxjx?-,',. 



This must be] plain, for it. is manifest, that like numc' 
rators and denominators may be cancelled ; for if we do 
not cancel them, we shall multiply both terms of the 
fraction by the same numbers which will not ulicr the 
value; andlherefore, it will not alter the value to cancel 
them, and omit multiplying by them. The rest of the 
work must be plain from what has been said respecting 
cancelling. 

this case not only shortens the multipU- 
■ us the trouble of reducing the fraction 
niH ; Ibr, if we cancel the numbers as 
be, we shall never fiul of getting the 



cation, butsa 
to its lowest 
much as tliey 
fraction in hs /oiveal lerr 
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THE 6th and 7th cases explained. 

The 7th case is the reverse of the 6th ; and therefore, 
we may explain them both, by reducing a fraction ag^ree- 
ably to the 6th, and back again to its first state, agreeably 
to the 7th. Let us therefore reduce 4 of a penny to the 
fraction of a pound. Here we are to find what part of a 
pound 4- of a penny are ; and since a penny is -^j of a shil« 
ling, and a shilling ^of a pound, f of a penny must of 
course be, fof j^ of ^ of a pound ; which must be re- 
duced to a single fraction, thus : 

TXiVXin7=iiff o^ a pound ; 
4 

That is, yjg- of a pound is equal to f of a penny. If the 
opei*ation had not been contracted, it would have produc- 
ed t/yoO^ a pound, instead of 3^^ ; therefore, let us re- 
duce -Y^^ of a po\|nd to the fraction of a penny. Here 
we are to tell what part, or parts of a penny i^Vryofa 
pound are; and, since pounds multiplied by 20 and 12 
give pence, parts of a pound multiplied by 20 and 12, 
must of course give parts of a penny ; and therefore, if 
we multiply the numerator 5 by 20 and 1 2, and set the 
product over the denominator 1680, we shall have }|^ 
of a penny, which are equal to 4 of a penny. 

We may observe here, that, since the 7th case is the 
reverse of the 6th, and since the igW^^®^^ produced by 
multiplying the denominator of the 4 by 12 aii^ 20, one 
would think that the 1680 should be divided by 20 and 12 
to reduce the ^^ of a pound back to 4 of a penny ; and 
this method will answer in this case and some others, and 
will bring the fraction in its lowest terms ; but in some 
cases the denominator will not divide without remainder, 
in which it is manifest, tliat this method will not apply ; 
and therefore, we use the other because it will apply in 
all cases. 

From what has been said, it appears, that, to divide 
the denominator of a fi*action by any number has the same 
effect as to multiply its numerator by the same number ; 
that is, if we have any fraction X.oia\\\>A\\^ \s^ ^ss^ ^ssiWj^aK^ -, 

G 
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fby3, wc may either mulli ply the nuraera- 
tpr by ihe number, or dm;le the denominator ; for if we 
multiply the numerator 2 liy the 3, the fraction will he- 
comc |, which are manifestly 3 times as great as |. 
Again, if we divide the denominator y by tlte 3, the frac- 
"tjon will become | ; which are manifestly equal to % ; and 
therefore, the | are also 3 times as great as the f. 
"Whence, by dividing the <lei>ominotor of a fraction by a 
number, we multiply the fraction by that number ; and 
this is a shorter way ihan to multiply the numerator ; but 
it will not always apply on account of remainders. 

TUE RULE TO CASE 8tU SXPLAlNEn. 

To rednce the value or quantity of a fraction, to the 
known pai-ls of an integer, the rule says, multiply the 
lunnerator by the common parts of ihe integer, and di- 
vide by the denominator. T-o explain this, let us reduce 
-j of B poimd Lo their proper value. 

Here we are to find how much money J of a pound are j 
and, since they are less than a pound their value musi of 
course be expressed in shillings, or shillings and pence ; 
th^ since the J are pans of a pound, the 7 must of course 
be multiplied by 20 to reduce them to parts of a shilling ; 
uud, seeing it takes 8 of those parts to nudte ashilling, they 
must consequently be divided by 8 to reduce them to shil- 
Kngs ; and the remainder. If any, (being pans of a shil- 
lings,) must be multiplied by IS lo reduce it to parts of a 
penny, i^tch must l>e divided by 8 as before to reduci; 
themtopcnce. Wbei'efoie, the work will stand, thus 
5of Y™*l''='''''- 6rf ; or by contraction, ^ot'\''= 
ITi.Bd; or, by contraction, iof ^j^y=ir«, Grf. 



THE bt'LE TO CASE 9tH EXPLAINED. 



•ITic 9lh case is the revcrs.e of the 8th ; and therefor 
we will reduce the result of the ivbove operation back 
again ; that is, iVe will reduce the 1 7«. 6rf. lo the fraction^ 
if a pound. 

Pence being the lowest term mentioned in thisi^xt 
£/o rye mtist reduce the 17*. 6d. to ^ence fc^ a-ft^-avl 



H 
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tor, agreeably to the rule ; and «j>ound being the integer^ 
we must reduce ic also to pei^ce for a denominator ; and 
seeing this denominator will be the parts of a pound, and' 
the numerator the same kind of parts, it is manifest, that 
the fraction will be the fraction of a pound ; and it will 
be |4§; for there are 210 pence in 17«. 6d. and 240 in a 
pound ; and 30)-|^=| of a pound. 

I need not take the pains to explain the last three cases 
of reduction ; for the first two are very simple ; and they 
are all so useless, that they are left out of most systems 
of arithmetic. 



▼li^ 



ADDITION OF VULGAR FRACTIONS. 

Pufiil, I have heard many say, that addition is th^ 
hardest rule in vulgar fractions ; and I am of the same 
opinion ; for it seems very hard to me ; and the reason of 
it lib because most of the examples require different me- 
t^Q^^ of working. 

Tutt)r, There are many, it is true, who find a great 
4^1 pf difficulty in working this rul^; but the reason of 
it is, because they have but a very imperfect knowledge 
of reduction of fractions ; which is, as it were, the foun- 
dation of addition ; for there is scarcely an Uipple but 
that requires some preparation before the fi^|Kions c^ 
be added, and this preparation is performed %y reAJc- 
tion. 

PufiiL Please to work a few examples, and illustrate 
^tiiem a little, by showing how to prepare them by reduc- 
tion. 

Tutor, Let us then, in the first place, add ^^ \\j and 
4 together. 

Now, since the value of a fraction is expressed by its 
numerator, in adding fractions, we must of course add 
the numerators together ; but it will not do to add the 
numerators 7j 1 15 and 4 together*, Coy iVv^^ -^^ ^s^^^^e^iSw 
ii/icfs of parts, on account, oi V\v^vf ^^Tvc>Tc\\>a^»^'^'^'^^«^ 
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different: therefore, b^re we can add the j*^ J-J, andf 
together, we must reduce them to a common denomina- 
tor by case 2nd, of reduction ; which being done the 
shortest way, the fractions will be }|§, \^ and i% ; and 
«.Tiow, the denominators being all equal, the numerators 
are the same kind of parts; and therefore, by adding 
them together, we shall get Jf^ the sum of the fractions 
iV> \h ^"^ 1 5 ^^^'i ^y dividing the- numerator of the \^ 
by the denominator, we find that the \\^ are equal to 2 
iTU^ the answer, 
i-et us now add J of |, and | of ^ together. 
Here, the Jof |, and of | of ^J, being compound fi^ac- 
lions, must in the first place be reduced to single ones by 
case 5 th of reduction, thus : 

|x|=-A,and|xif=l|. 

Now, the ^y and ^ being reduced to a common denom- 
inator, and the numerators added together, we shall have 
the answer. 

Let us next add 12-^ 3f , and 4| together. 

Here, we first reduce the ^ f , and | to a common de- 
noitiinator, and add them together ; then we add what 
they make to the sum of the 12, 3, and 4, which gives 
thef answer. 

•^Wd will now show how to add ^ of a ton to i% of C. wt. 

"l^ere we first reduce the 4 of a ton to their proper value, 

fay ^se 8th of i^eduction : then we reduce the ^ of C. wt. 

IQ th>;ir':j||faa|ier value, by the same case ; and these two 

^lyj^es^tfrned together, give the answer. 






SUBTKACTION OF VULGAR FRACTIONS. 

I 

Pufiil, The rule to subtraction says, prepare the fi-ac- 
tions as in addition, &c. I suppose it means by that) that 
jte arc to prepare them by reduction. 
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Tutor, Yes \ that is what it means ; and since that is 
the case, subtraction must be plain to such as under- 
stand addition ; however, I may perhaps cast a little more 
light upon it, by working an example or two. 

Example. From f take \ of |. 

In this example we first reduce the compound fraction 
I of j to a single one, thus: 4xI=aJ. Then we reduce 
the I and I to a common denomimiior, and subtract the 
lessnumeratorfrom the greater, which gives the differ- 
ence or answer. 

Let us now, from 96^ take 14^. 

Here, by reducing the \ and.^ to a common dcnuiiilim- 
tor, the 96 J and 14^ become 96^, and 14^. Now, to 
subtract, we set the .14^ under the 96^, and say, 9 from 
7 we cannot, but 9 from 2 1 and 1 1 are left, and 7 make 
18; that is ^4 ^^f* The reason that we- borrow 21 is 
manifest; for, since there are 21 such parts in a unit as 
the S» expresses, by borrowing 2 1 we borrow a unit or 1 ; 
and therefore, we must carry one to the 4, and then sub- 
tract as usual. 



MULTIPLICATION OF VULGAR FRACTIONS, 



•I 



1^ 




PufiiL It appears, that multiplying by 
makes the number less instead of greater ; fof I" 
observed that the product is always less than the mul 
plicand ; which is a mystery to me, for I thought that 

ultiplication always inci*eased a number. 

Tutor, It may be shown, without applying to frac- 

•ns, that multiplication does not always increase the 
number, for, if we multiply by 1, we knpw it does not 
alter the number ; bip^ if we multiply \n. any number 
greater than 1, it then increases it ; and uerefore, if we 
multiply by any number less than 1, it must decrease it, 
in the same proportion as the multiplier is less than \ \ 

G \ 
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if woj dividing by a fraction must increase the number in 
the same proportion as the divisor is less th^n 1 : and 
therefore, -^ divided by •} makes 1 ; or, in other words, ^ 
fvill go into ^, 1 time. To make it more plain, it may be 
shown that ^ divided by ^ makes 1, thus ; When th^ divi- 
sor and dividend are equal, we know that the divisor will 
go into the dividend just 1 time ; for instance, 8 will go 
into 8, I time ; 6 into 6, 1 time, &c. and therefore, ^ will 
go into ^ 1 time. 

TH£ RUL£ EXPLAINED. 

Since division is the reverse of multiplication, and 
since, in multiplying fractions, we multiply the nume- 
rators together for the numerator of the product, and the 
denominators for the denominator, if we divide the nu- 
merator of the dividend by the numerator of the divisor, 
it must give the numerator of the quotient, and the de- 
nominator of the dividend by the denominator of the divi- 
sor^ the denominator of the quotient ; but this can but 
seldom be done on account of remainders ; and therefore, 
we hare to work as the rule directSj which is the same 
thing in effect ; for it has been shown, that it has the 
same effect on a fraction to multiply its numerator by any 
number, as to divide its denominator by the same ; and if 
so, to multiply the denominator by any number must have 
the same e^ct, as to divide ^e numei*ator by the same ; 
and therefore, multiplying the numerator of the dividend 
by the denominator of the divisor, as the rule directs, 
must have the same effect, as to divide the denominator 
of the dividend by the same ; and to multiply the denom- 
inator of the dividend by the numerator of the divisor^ 
must have the same effect, as to divide the numerator of 
the dividend by the same. Wherefore, working by the 
rule must give the quotient. 

Now, since, in dividing fractions by the rule, we mul* 
tiply the numerator of the dividend by the denominator 
of the divisor. Sec. if we invert the divisor, (that is, set 
the denominator HI the place of the numerator, and the 
ttinoerator in the place 4>f tlie denominator) and then 
work as in multiplication, we shall m.Mld^V} \isRrKN.\jcw^Js>fc 



so 
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same manner as if we ttad worked by the inile ; and 
fore, the handiest way to divide fractions is lo invBrt the 
divisor, and proceed as in muliiplicatiani remembering 
to contract and-cancel as much as possible. 



4 



THE SINGLr: RUi-E OF THREE IN VULGAR 
FRACTIONS. 



Pv/ii/. The rules, in both direct aod inverse ppopor- 
tion. I>eii\g the same here as ill whole numbers, need no 
explanation ; however, some of the cxa.inp1ea are an 
hai-d, thut 1 cannot work them, to wit, the tsth, tQth, and 
2 1 St, in direct proportion in tlie A. T.'s Assistant. 

Tutor. Those three examples jnizzlc many ; but, not- 
withstanding that is ihc case, they ajipear very simple to 
such as understand clearly the nieanin)!; of them. Before 
1 work them, I may observe, thut, after »n example is 
staled, Ihe best way of working it, is to invert the divid- 
ing term, as the second rule directs, and muliiply the 
thi-oe tcrais together for tite fractional answer. Tlie rea- 
son that this method will bring the answer, must be mani- 
fest, from wha! bas been auid in division, 

The ISth esumpie says, if ^ ^ less by i, cost \2\d. 
what cOfcl U tb less *>y -J of Sfc J 

This must be wrought tluis; ■{ — ■=;; 13irf="^« ; and 
■J of ^=J; and \^ — j^V » and therefore, its -j- tti^V''' 
j:'^' ifc to the answer; which is found thus: ^x''7X V= 

The 19tk example Bays, if 3^ times 3J Jfe cost l^time 
\^L. wh^it isthevalueofiof iof 13^ tfe ? 

Here, the first term is the S^times 3^^. the second, 
the l^time Iji.. be. but wc need nol lake the pains to re- 
duce these fractions to single ones, and state "' 
tion ; for, after reducing the mixed numbers ti 
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fractions, we may invert the first two fractions, and mul- 
tiply them all together for the fractional answer, thus ; 

|x|x|x4xiX-JX^=f=7*. 6rf. the answer. 

The.21st i»xample says, a person having 4 ^^ '^ ^^^P' 
sells I of his share for S\9L. what is the proportional 
worth of the whole vessel ? 

Since the person possessed | of a ship, and sold f of his 
share, he must have sold f of y«Yy ; and therefore, as 
^..^{•i.l to the answer, that is, as ^ of a ship are to 
319Z. so is a whole ship to its value ; which is found 
thus 2 y X 3^^*x|«*V***5^^' 2fi. 6d. the answer. 



THE DOUBLE RULE OF THREE IN VULGAR 

FRACTIONS. 

^ PufiiL There seems to be nothing in this rule that 
rieeds an explanation ; nevertheless, many of the exam- 
ples appear very hard to me. 

Tutor. They appear hard to many ; but the reason of 
it is, because they 'have not a perfect knowledge of the 
foregoing miles. If, in working an example, we first 
reduce the mixed numbers to improper fractions ; then 
state the question as directed in whole numbers, and re- 
duce the correspondent terms to the same denomination, 
or to a fraction of the same name ; theft traiispose the in- 
verse terms, if the question belong to inverse proportion ; 
and then invert the dividing terms, or the two term« 
which stand in the first place, and multiply them all to- 
gether. We cannot fail <)f getting the fractional answer. 
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DECLM.VL Flt^CTIONS. 



Pu/iil. The assistant sajs, that a decimal fi-action is 
a part Of parts of a unit, dcnutetl by a point prefisct! to a 
figure, thus: .4, .45, .456; tlve first figure after the 
point, denotes so mMiylciitha of a unit; Uie second, to 
roajij' hundredtiisof aunit, orlenthsof one tenth ; which 
ai-e equal Lo, and read as, ;^ ^%, *^'^. 

1 titink I understand from thia definition, something 
of the meaning of a decimal fraction ; but I should like 
to sec a little more light thrown upon the subject ; how- 
ever, in the first place, pteaBcto tell me the reason that 
fractions of this kind are called decimal fractions. 

Tutor. The word decimal signifies numbered by tens, 
aoA these fractiona are numboi'^ by tc»^ i and for that 
reason, they are caligd deqim^l fractions. 

To illustrate decimals a little, it may be observed, that 
decimals dccrea!ie> counting from Left to rjght, \» the 
aame proportion that whole numbers incrensci countipe 
from the right to left ; that is, in 3 ten fold proportion ; 
Cor, as it takes t«n units to miike one ten, teu tens to make 
one hundred, £ic. so it takes ten tenths to mdkc ons unit, 
ten hundredths to make one tenth, ten ihou^anttlhs to 
Stake one hundredth, Uc. And, siiigc the first figure af- 
ter the poiat, is so man/ tenths ; the secondt su mxoj 
hutulrcdlht, ite .4 are 4 te-nths ; .45, 4 tenths umt S hun- 
dredths, or 45 hundredths ; ,456, 4 tenths, 5 hundredths 
and 6 tliousandihs, or 456 ihousandlhs, !tc. and therefore, 
(Wcimals may he expressed in the form of vulgar frai;- 
aon»,llius:.4w*^i.45 = ,^i.45e=*B%;.4567=,-'„V[^. 
Etc, and from this, it is numifest, tliat the denominator 
of a decimal, is always I with just as many ciphers an- 
nexed to it as there are figures in the decimal i for, if 
we examine the above fractions, we shall finctt that eacli 
(Icjiominator contains just as many ciphers as there are 
figures in the decimal. It does not alter the value of » 
decimal to annex ciphers to it ; for, if .5. .50, and .500 
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arc all equal to one another ; because, they are equal to 
inp 'ii^i and -^^v which are known to be equal to one 
anotbar, froih what has been said hi vulgar fractibhs; but, 
ciphers prefixed to decimals, decrease their value in a ten 
fold proportion ; for, .5 are ten times as great as .05 ; .05, 
ten times as great as .003, &c. ; bccauSfe, the first 5 are 
,'q ; thfe second 5, being removed into the place of hun- 
dredths, ^-e iJo ; and the third 5, being in the t)lace of 
thtmsaitdths, ai'e io*oo- 



A13l>ltlON AND StTBTR ACTION OF DE- 

. CIMALS.* 



PufiiL Aiidition and Subtraction of iDeeimals arc very 
umple ;iibr they are wrought just like whole numbers, 
onI]p', some C2itt is necessary in placing the points ; and 
that is'tiot difficult, for, it is manifest, that they must be 
placfed t^der one another ; because, by that means the 
teAths come under the tenths, the hundredths uftder the 
humii^dlhs, 8tc. >prhich is the way that they ought to be 
placied of course ; and, by placing the units, or the first 
figufie at the right of the whole numbers, under ode 
another, the points will coihe under one another, and all 
the figures ^ill ctfme right. 

7\it6r. I perceive that addition and subtraction are 
Well understood ; therefore, we will leave them, and pro- 
ceed to multi;^tication. 



AHirnMETICAL ILLUSTIiATOR, 



MULTIPLICATION OF DECIMALS. 



Pu/iil. It is vei7 plain to me, from what has been 
stud, lliat decimals may be multiplied together as whole 
numbers ; but why there sbould be just as many decimal 
places, or figures, pointed olTin the prodocti as there are 
both factors, is what 1 cannot sec. 



THE RVLE EXPLAINED. 

Tutor. That the pi-oduct musihavc just as many deci- 
mal places as ihere are in both factors, may easily be 
shown ; for, since the denominator of a decimal is always 
1 with a certain number of ciphers annexed, it is mani- 
fest, tliatthe productof twodenominators willhave just 
as many ciphers as there arc in both denominators. But 
it has already been shown, that the number of places in a 
decimal is always equal to the number of ciphers in its 
denominator ; and if so, Lbe number of ploiftt in the 
product of two decimals, must be equal to the number of 
ciphers in the product of their denominators ; but the 
number of ciphers in the product of two denominators is 
equal lo the number of ciphers in both denominators, and 
the number of ciphers in both denominators is equal to 
the number of places in both decimals; and therefore, 
the number of places in the product of two decimals, 
must be equal to the number of places in both decimals, 
or both factors. To make it more plain, let us multiply 
.31 by .12. Now.SlX. 12=372; but, since there are 
four decimal places lu the two factors .31 and. 12. the 
product is .0372 ; for, .31 and .12 arc equal to i^^jX^'a"^ = 
and ^x^Ve^TnireTji *nd, since the number of places in 
a decimal is equal to the number of ciphers in Its tie- 
nominatori it is manifest, that the nHs' expressed deci- 
mally, must be . 0372 1 forth« denominator has four cipherv. 
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CONTHACTED MULTIPLICATION OF DECIMALS EX- 

PLAIKSD. 

To illustrate the method of contracting multiplication 
of decimals, let us first multiply two whole numbers to- 
gether, (for instance, 654 by 123 ;) first by the commdn 
method ; then by the method of inversion, thus : 

654 654 

123 321 Multiplier inverted. 



1962 65400 

1308 13080 

654 1962 



80442 80442 



Here, we see, by inverting the multiplier, and setting 
the units figure under the units of the multiplicand, and 
multiplying as the note directs^ we get the true product ; 
aiidy by examining the operation, it will appear pl^iA.; 
for, the 1 in the multiplier is a hundred ; thn 2, tens ; 
and the 3, units ; and therefore, in multiplying by the 1, 
the first figure should be set in the hundreds place ; by 
the 2 in the tens place ; and by the 3 in the units place : 
and we see they come just so. 

Let us now multiply 6.54 by 1.23, by the method of 
contraction ; first, so as to retain all the decimal places ; 
secondly, so as to retain them ajl but one } and thirdly, 
so as to retain them all but two ; thus : ^ . 



6.5400 
32 1 


6.540 
3.21 

6540 

1308 

196 


6.54 
32.1 


65400 

13080 

1962 


654 

131 

20 


8.0442 


8.044 
H 


8.05 
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Tlie number of decimal places in both fnctors beioiL 
four, to retain all the dccireial places in the proiluct, the 
units place of the multipliet-, agreeably to the note, roust 
be set under the fourth place from the point ; and) by set- 
ting it so, we sec that the figures ai-e brought into the 
same position, or situation^ iis they are in the inverted 
operation of whole nurwbcrB ; and they bring the same 
figures in the product ; and therefore, it must be right. 
Now, since by placing the units figure under the fourth 
place from the point) we get four places in tbe product; 
if we place it under the third place, we shall of course 
get three places in the product; and if under the second, 
two, Ecc. as in the second and third operations ; and there- 
fore, the reason that the units figure must be placed as 
the note directs, Fs manifest. The reason we carry one 
for the first five, in multiplying by the figures that stand 
at the right of the multiplying figure may easily be per- 
ceived ; for, if we carry ih« tens only, the excess above 
the tens will be lost ; but, by rejecting this excess when 
it is less than five, and by carrying one, or cal ling it ten, 
when it is five, or aliovC) we gaiti in most cases about as 
much as we lose ; and therefore, we get the true pmdnct 



DIVISION OF DECIMALS. 



Pu/iit. I think> from what has been said in multipli- 
cation, that I can show the reason myself, why the quoti- 
ent must have just as many decimal places as the dividend 
has more than the divisor ; . for, since the dividend cor- 
responds with the product in multiplication, and the divi- 
sor ant! quotient with the factors ; and, since the product 
mast have Bs many decimal places as both factors, the 
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dividend must of course have as many as th^ divisor and 
quotient ; and therefore^ the quotient must have as many 
as the dividend has more than the divisor'. 

CONTRACTED DIVISION pF DECIMALS EXPLAINED. 

Tutor, That is a very good explanation, therefore} I 
wilh go on to contracted division ; but>' since it is the re- 
verse of contracted muhiplicatioU) it does not need much 
explanation ; hoiyeve^, t^ illustrate it a little, let us di- 
vide 165.6995001296 by 3.U1593, so as to have four 
places. of decimals in the quotient ;, and prove the work 
by canunicted.mttltiplicatii»iy thus : . 

d.UlS9];2)165.6995O0ia96(53,7438 
157 0796 . ,f. * 

9.Ui5}86199 
63832 



■■■■ * 



3.141)23367 
21994 



3.14)1376 
1257 




3)25 
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3.141592 
' • 8347.25 



1570796 

62832 

21991 

1257 

94 

25 



-5. 



Proof, 165.6995 



The first thing we have to do in thit kind ofdmsioiif it- 
to consider how many figures the quotient must have, to 
serve the pt^s^t pitrposb ; ahdtlii^ is-not hard to be as- 
certained ; for the number of decimal figures is always 
given, and those of the whole number may easily be 
found, by conceiving the whole number only of the divi- 
sor to be divided into the whole tmmber of the dividend. 
By this method we find that the above example must 
have six quotient figures ; andby taking the same num* 
ber at the left of the divisof ; and dividing the same 
number of times, we of course get the number of quoti- 
ent' figures required. Wherefore,- by examining the op- 
eration and the proof, the whole of the work will doubt- 
less appear plain, to such as understand contracted multi- 
plication ; for each quotient figure is multiplied into the 
same number as its corresponding figure in the multi- 
plier. 



REDUCTION OF DECIMALS. 

CASE 1st explained. 

PufiiL What is the reason, that, to reduce a vulgar 
fraction to a decimal, we must annex ciphers to the numc' 
rator, and divide by the denominator ? 
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TTutor* It is fiaoinded on direct proportion; fo^, if we 
reduce | to a decimal by the rule; tbe work will stand 
thus ; 

4)5.00 

^^ ' which is the same as this ; as 4..3^:: 100 

100 

4)S00 

.75 ' 

_ . ■ . ^ ■ 

That this stating reduces the^ fraction to a decimal, is 
manifest; for the denominator of the given fraction, is 
of course to its numerator as the denominator of the dec- 
imal is to its numerator, or the decimal required. 

CASE 2nd explained. 

To explain case 2nd let us reduce \0a. ,9d» \ to the 
decimal of a pound ; that i$, let us find what decimal 
part or parts of a pounds lO*. 9d, \ are ; to do which, by 
the first rule, we first find by case 9th in reduction of vul- 
gar fractions, that the JO*. 9d, \ are f|^ of a pound ; and 
then, by reducing the |JJ to a decimal by the foregoing 
case, we find, that the 10*. 9d, ^are .53854 l6+ofapound. 
iVhence, the first rule is plain. 

We will now reduce the same quantity to a decimal by 
the second rule, thus : 



4 
12 



1 qr, 
9.25cf. 



20110.770833*. 



.5385416+of a pounds 

Here) in the first place, we divide the 4 into the 1 farth^ 
ing> conceiving ciphers to be annexed to the 1, which 
reduces the I urthing to the decimal q£ a ^^iuv<(x T^'^^ 

' H ^ J 
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since 12 pence make a shilluig) 13 decimal parts of a 
penny, must make 1 decimal part of a shilling ; there- 
fore, dividing the 9.2 5rf. by 12, must reduce them to the 
decimal of a shilling ; and, for a similar reason, dividing 
the 10.770833*. by 20, must reduce them to the -decimal 
of a pound. 

CASE So EXPLAINED. 

To^xplain case Sd, let us reduce .87615 of a pound to 
their proper value. 

Here we are to find the number of shillings, pence, &c. 
that there are in .87615 of a pound; which are fbund 
thus r 

.87^15 
20 



«.17.52300 
12 

rf.6.27600 



^ I 



^r. 1.1 0400 Answer 17«. 6d. 1.104 gr. 

the .87615 being parts of a pound, multiplying by 
20, reduces them to parts of a shilling ; and, since ten 
tenths of a shilling make a shilling, it is clear, that the 
17 are shillings ; for each of them is equal to ten tenths 
of a shilling. Again, multiplying the .52300 by 12, re- 
duces them to parts of a penny ; and therefore, the 6 are 
penccy &c. 

fHE METHOD OF FINDING THE VALUE OF A DECIMAL 
BY INSPECTION, EXPLAINED. 

LiCt US now reduce the -876 1 5 to their proper value by 
inspection ; to do which, we are directed to double the 
first figure after the point for shillings, adding one, if the 
cond be S, or upwards, S;c. Trhich may b| illustrated, 



*?/», 
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thus : The first figure after the point being tenths of a 
pound) 10 such parts as it expresses, make a pound, or 
20 shillings ; and therefore, each tenth must be 2 shil- 
lings ; and, since 5 in the second place arc equal to half a 
tenth, they must be 1 shilling ; and again, since 5 in the 
second place make a shilling, it takes 50 of those parts 
which* we call farthings, to make a shilling. But, 48 
farthings make a shillmg ; and therefore, these parts 
must be 50, to be two too many, and 25, to be one too 
many ; but they are better than l^ too many, when above 
36, iind better than | when above 12. Wherefore, by de- 
ducting one from the fafthings when they are above 12, 
and two when above 36, wc get the true value nearly. 
Whence, the 8 in the above decimal, arc 16«. and the 5 
in the 7, I, Irhich makes 17 ; and the 7 being 2 above 5, 
the parts that become farthings, are 26 ; but, being above 
12, wc cull them 25, or 6d. \ ; and therefore, the whole 
value is 1 7«. 6d, ^. 

It is not necessary for me to say any thing respecting 
the single and double rule of three in decimals ; for they 
are wrought exactly' as those rules in whole numbers ; 
only regard is to be had .to placing the point. 

PufiiL Notwithstanding that is the case, I should like 
to see tlijB last question in the double rule in the A. T.'s 
Assistant, explained : which says, ^ a cellar which is 22.5 
feet long, 17.3 wide and 10.25 deep, being dug in 2^ 
days, by 6 men, working 12.3 hours a day ; how many 
days, of 8.2 hours, should 9 men take to excavate one 
which measures 45 by 34.6 by 12.3 feet ? 



92 
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Tutor. I should work it thus : 



Lon g. "^ 

227$ 

Wide. 

ir.3 

Depth 
10.25 



Xong. 
45. direct. 

Wide. 



34.6 direct. 
2 

^^ t Daye. J 12,1 di^t. 

^•^ '1.5 { 3 

I Mea. . 

9 inverse. 



Men. 

6 

39 
Hour s. 

12.3 



Hours. 
8.2 inverse. 
19.3 



L 4.1 6x2ssl2 days, the answer. 



The beauty of contracting and cancelling^' is abundant- 
ly to be seen in this example ; for, nil the numbers are 
destroyed, except the ^ and 2 which are multiplied to- 
gether for the answer: whereas, to work the question 
the common way, it t«kes>about 278 figures. 



INVOLUTION AND EVOLUTION. 



Pufiil, Involution ; or the raising of power, is veiy 
simple ; for it is performed by simple multiplication. 

Tutor, Notwithstanding it is so simple in its operation 
many scholars go over it without understanding the 
meaaiDgbf it » 
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PufiiL I think I understand it clearly. 

Tutor, Well ; since that is the case, tell me what is 
meant by a power ? 

Pufiil, A power is the product arising from multiply- 
ing any given number into itself continually a certain 
number of times ; for instance, 36 arc the second power, 
or square of 6; for 6x6sr=36 ; and 216 are the third 
power, or cube of 6 ; because 6x6x6=^^16. Agkun, 
the fourth power of 3, is 81; because 3x3x3x3sb81. 
The second power, or square of 9, is also 8 1 ; because 
9x9aB81, and so on. 

Tutor* What is the reason that the raising of powers 
is called involution. 

FufiiL I find now that I do not understand this subject 
ia well as I thought I did ; for I do not know the reasoa 
of that. 

I^or, The ralibig of a number to any power, is call- 
ed involving it to that power ; for which reason, the rais- 
ing of powers is called involution. 

The number denoting the power is called the index, Or 
the exponent of that power ; for instance, the index of 
the second power, is 3 ; because the secOnd power is de* 
noted by 2 ; the indent of the third power 3 ; because the 
third power is denoted by 3 ; the indesi of th« fourth 
power 4, &c. 

A Aitmber may be involved, or raised to a high power, 
with less work than to multiply it continually' by itself •$ 
for, if two or more powers be multiplied together, their 
product is that power whose ind^x is the sum of the in- 
dices, or indexes of the factors. For instance, if it be 
required to raise 5 to the sixth po^er, instead of multi*' 
plying by 5 continually, the wotlt may be performed thus : 
5x53=35, the 2d power 0f 5 ; and 25x25=t625, the 4th 
] ower of 5 ; that is, the 2d power multiplied by the 2d 
pow-er, gives the 4th power ; because the sum of the in- 
dexes of the two second powers, is 4. Again, 625 X25 =»= 
15625, the 6th power of 5 ; that is, the 4th power mul- 
tiplied by the 2d power, gives the 6th power ; because 4 
and 2 make 6. 

Pupil, The assistant says, that the root of any num- 
ber, or power, is sych a number^ «A\irav^\sv^2\<v^^AV^^^ 
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ilscif a certain number of tiniest will produce that num- 
ber. Please to tell me tlie reason that this number is 
called the root. 

Tuior. One of the meanings of ihe woi-d root ia, orig- 
inid or first cause ; and, since a power ori^natcs from 
the number that we call the root, or is produced by it, 
that number ia the original cause of the power ; and for 
that reason, it ia ciiUed the root of the power. 

Evolution, or the extraciin^of a root, is the finding ol 
such a number from a given number or power, asi being 
lUltiptied into itself a certiiin numher nf times, will pro- 
duce the number or power from which it was extracted. 
~ - instance, the extracting of the 4th root of 8 1 , is the 
finding of auch a number, as buing involuied to the 4th 
power, will equal S 1 ; and this number is 3, and it is the 
fourth root of 81. 

Pufiit. I observe that th« second power of a number 
is called the square of the number, and the thii'd power 
Ihe cube of it. Please to tell me the meaning of a 
square, and ulso of a cube. 

Tutor. A square is a four sided Ggure, whose Bides 
are all equal to one another^ and whose corners are right 
angles, For instance, any thing in the sliape of a chest- 
lid, door, window, Etc. if it be just as wide as it is long, is 
a square ; because the corners of such like things are 
Tight angles i but none of these things are squares, unless 
they are just as wide as they arc long. 

To illustrate the matter more fuHy, suppose a field 
of com to be planted in straight rows both ways, one] 

t as many hills in a row one way as the other ; 
then it is a square field oi corn ; and, by multiplying the 
number of hills in a row one way by the number of hills 
in a row the other way ; or, which is the same thing, bjr 
wjuuring the number of hilJs in one row, we shall get the 
whole number of hills in the tield ; which is the square 
of the number in one row ; and the number in one row 

ho root of the whole nuraber. Again, if a field be 40 
perches long and 40 wide, it is a square field ; and there- 
fore, 40X40=1600, the number of square perches that 
the field contuins ; that is, a field that is 40 perchei- 
square, coniuins just 1600 square perches, or lit'tr 
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BquareS} that are 6ach just a perch long and a perch 
wide ; and^ since there are 1 60 such little squares or 
square perches in an acre^ if we divide the 1600 by 160 
it will give 10, the number of acres in the field. 

A cube is a square solid body ; that is, it is a solid bo<ly 
whose length, breadth, and thickness, or depth, are all 
^ual. For instance, a box, block of wood, or any thing 
of the kind^ whose length, breadth, and depth ai*e all 
equal, is a cube. To make it more plain, suppose a 
block of wood to be 6 inches long, 6 inches wide, and 6 
inches deep ; then it is a cube, or cubic block ; and, by 
multiplying the length, breadth, and depth together ; or, 
which is the same thing, by cubing one of the sides, we 
shall get the number <^ cubic mches that the block con- 
tains ; thus, 6x6x6sb216, which shows, that a block 
that is 6 inches every way, contains 2 1 5 cubic inches, or 
little cubes, each aQ inch every way. Whence, a.. cubic 
box> that- is 6 inches long, 6 inches wide^ and 6 inches 
deep in the inside, will hold just 216. little cubic blocks 
that are each an inch long, an inch wide, and an inch 
deep. 



THE SQUARE ROOT. 

Fufdl. T^e extraction of the square root, (if I under- 
stand it right) is the finding of such a number from a giv- 
en number, as, being multiplied by itself, will produce 
the given number. 

V Tutor, Yes, that is the sense of it ; and to illustrate it, 
it must in the first place be observed, that, if any number 
be divided into any two parts, the sum of the squares of 
the two parts together with twice the product of the two 
parts, is equal to the square of the whole number. For 
instance, the square of 6 xt^^36 ; and if the 6 be divided 
into the two parts 4 and 2|^.the «i^>uis^ sA ^ ^wCl\\sfc\^^^*is^^ 
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the sqo^Li-e of 2 will be 4* and 4 addcl to 1 6 make 20 ; biiiI 
the product of 4 by 2 is 8, and twice the product 16, and 
16 adiJcd to 20 make 36, the same as the square of the 
whole number. Againi if the 6 be divided into the two 
piLrts 3 and 1> the squui'e of 5 will be 3ii and the square 
nf 1 will be 1, which makes 26 ; und twice the product of 
S by 1 is 10, and lo Added to 26 mukc 36, as before. The 
same pi'inciplc will hold good in aiiy iiumbi:r whatever, 
and it is the fotindution of the rule for eKii'acunt; the 
square rooti wliich 1 shall endeavour to show. 

THB aULE EXPLAINED' 

The first thing to be done in explaining the rule, is to 
show the reason that pointirg the given number into peri- 
ods uf two figures each. &hows the number of figures 
that the !-(.''. .,; ; oniaio; which may be done thus: The 
square of anu. .^ercannoi have more than twice as many 
figures as its root, noi- less than twice as miui)- lacking 
one. For instance, the stjuure of 99 is S801, and it is 
the greatest square that can be produced fram a number 
con^stlng of two figures ; and it contains, we see, just 
twice as man^ figures as the 99, its root'; again, the 
square of 10 is 100, and it is ihc least square that can be 
produced from a number consisting of two figures; and 
it lacks but one, we see, of containing twice as many 
figures as the 10, its root. If we had taken 999 and 100, 
or any two numbers similar to thorn, instead of the 9f 
and 10, the same priaciplc would have held good. 
Wherefore, it is manifest, that the number of periods of 
two figures each in any number, is equal to the number 
of figures in its root; undif thei'c be one figure more 
than equal periods, it must make a period by itself. 

To illustrate the remaining pjrl of the rule, lei us cx- 
ract the sqnare root of 635 ; first by the common n 
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oH, and then by retkining such ciphers in the operation as 
arc understood ; thus : 

625(25 625(25 

4 400 

45)225 40J225 

225 5)225 

45) 

In working this exampl«^ we divide the root, which 
consists of two figures, into two parts ; to wit, 20 and 5 ; 
for we first find the tens figures, and then the units. But 
it has been shown, that, if a number be divided into any 
two parts, the squares of the two parts toge*:hcr with 
twice the product of the two parts, ise?[f "' ■I'he square 
of the whole number. Therefore, the'^'Sijiiares of the 
two paits, 20 and 5, together with tAvice the product of 
the 20 by the 5, must be equal to the 625; because the 
625 are the square of 25, the whole root ; and, in work- 
ing by the rule, we take the squares of those two parts 
together with twice their product from the 625; which 
may be seen by examining the second of the above ope- 
rations ; (which is the same in effect as the first) for, 
400 are first taken from the 625j which 400 are the 
square of 20, tJie first part ; and therefore, the remain- 
der 225 must be equal to twice the product of the 20 by 
the 5 together with the square of 5. " But by doubling the 
20 for a divisor, and multiplying it together with the 5 by 
the 5, w^e manifestly get twice the product of the 20 by 
the 5 together with the square of the 5. Wherefore, the 
rule must be plain when the root contains but two figures ; 
'and when it contains three or more, the whole operation 
depends upon the same principle ; for, after finding the 
first two figures of the root, we take them together as 
the first part, and the third figure becomes the second 
. part, Sec. 

Pupil, The assistant says something about finding the 
sides of a right angled triangle ; but I do not understand 

L 
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it ; and I expect the reason is, because I do not know 
what a triangle is. 

Tutor, Any three sided figure is a triangle ; but a 
right angled triangle, is a three sided figure that has one 
right angle ; that is, that has one of its corners of the 
^ape of a corner of a square. 




For instance, the angle at B in the figure A B C is aright 
angle ; and therefore, the three sided figure A. B. C. is a 
right angled triangle. The longest side is called the hy- 
pothenuse, and tlie side that stands straight up, the per- 
pendicular, and the other side the base. Now, in any 
right angled triangle, the square of the hypothenuse or 
longest side, is equal to the sum of the squares of the 
other two sides ; and therefore, it is manifest, that, if 
any two of the sides be given, we can find the third side 
by the square root. 



THE CUBE ROOT. 



PufiiL The extraction of the cube root, (if I under- 
stand it right) is the finding of such a number from a giv- 
en number, as, being cubed, or raised to the third power, 
wi)) produce the given number. 
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Tutor, Yes, that is the sense of it ; and to illustriitc 
it, it must in the first place be obsei'ved, that, if any num- 
ber be divided into any two parts, the sum of the cubes 
of the two paits together with the sum of the products of 
3 times the square of each part multiplied by the other 
part, will be equal to the cube of the whole number. F** 
instance, the cube of 5 is 125; and, if we divide the :> 
into the two parts 3 and 2, the cube of the 3 will be 27, 
and the cube of the 2 will be 8 : and 27 added to 8 make 

35 ; and 3 times the square of 3 multiplied by 3 make 
54 ; and 3 times the square of 2 multiplied by 3 make 

36 ; and 36-f-54-f-35BBl25^ the same as the cube of the 
whole number. Again, if we divide the 5 into the two 
-parts 4^ and 1, the cube of the 4 will be 64, the cube of 
the 1 will be I ; and 64 -f- 1 =65 ; and 3 times the square 
of 4 multiplied by l&ai48 ; and 3 times the square of 
1 multiplied by 4=13; and 12-f 48+65srl25, as be- 
fore. The same principle will hold good in ahy numtper 
whatever ; and it is the foundation of the rule for extract- 
ing the cube root ; Which I shall endeart>ur to show. 

TBS RVLX SXPLAXKED. 

The first thing that is to be done in explaining the rule, 
is to show the reason that the given number must be 
pointed into periods of three figures each, to show the 
number of figures thut the root will have. But this must 
be manifest already to an observant person, from what has 
been said in the square root ; and therefore, I think it un- 
necessaiy to enter into the investigation of it. But, to 
explain the rest of the rule, let us extract the cube root 
18576 ; first by the common method, and then by retain- 
ing such ciphers in the operation as are understood, and 
by multiplying separately each of the numbers thnt arc 
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added logclher to complete the divisor, by the units 
figure, thus : 

• • 
17576(26 
8 



1236)9576 
560)9576 



1596 







17576(26 
8000 



1 200)9576 7200 the product of 3 times^be squai'c of 

20 by 6. 
:$)9576 216 the cube of 6> the second part. 



5i 



360) 2160 the product of 3 times the squarc'of 

6 by 20. 

\596 9576 



It may be observed here, as in the square root, that, in 
working the example, we divide the root into two parts, 
to wit, 20 and 6. But it has been shown, that, if a num* 
ber be divided into any two parts, the sum of the cubes of 
the two parts together with the sura of the products of 3 
times the square of each part multiplied by the other 
part, will be equal to the cube of the Avhole nunc^ber. 
Therefore, the sum of the cubes of tho two p-irts, 20 and 
6, together with 3 times the square of 20 multiplied bf 
6, and 3 limes the square of 6 multiplied by 20, must be 
equal to I he cube of the whole root ; that is, to the 1 7576 ; 
and, in working by the i-ulc, we take those two cubes and 
products from the 17576 ; which may be seen by examin- 
ing the second operation ; (which is the same in effect as 
the first) for, we first take 8000 from the 17576, and the 
8000 are the cube of 20, the first part. Then, by multi- 
plying the square of 20 by 3 for the defective divisor, (the 
/.' ba/v being 20) and, by multiplying this defective divi- 
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8or by the 6, we get 7200, the product of S times the 
square of the first part multiplied by the second part* 
Next, in multiplying the square of 6 by the 6, we get 
216 the cube of 6y the second part ; and it is manifest, 
that, in working by the rule, the square of 6 is multipli- 
ed by 6. Lastly, by multiplying the 2 by the 6, and this 
product by 30, as the rule directs, it is manifest, that we 
get 3 times the product of the 20 by the 6, and this being 
mukipliedby the 6, gives 2160, the product of 3 times 
the itocond part multiplied by the first part. Wherefore, 
the sum of the three numbers, 1200, 216, elnd2160 must 
be equal to the remainder of the 17576 after the 8000 are 
taken from the 17576, agreeably to what has been said ; 
and we see it is. Whence, the rule must be plain when 
the root contains but two figures ; and when it contains 
three or more, the whole operation depends upon the 
same principle ; for, after finding the first two figures of 
the root, we take them together as the first part, and the 
third figure becomes the second pan, Sec. 

I deem it unnecessary for me to undertake to investi- 
gate the general rule for extracting the roots of all pow- 
ers ; for it is very abstruse, and the poAvers which are iu • 
tended to be extracted by it, are of very little use. 



ARITHMETICAL PROGRESSION. 

f 

PUftU, The Assistant says, that iuithmetical progres- 
sion is a rsoik) or series of nilmbers, which increase or 
detfrease by a common difference. This seems dark ; for 
it debs not tell the meahing of a series of numbers. 

Tutor. The l^ord Semes signifies succession ; and 
the^fore, any rank or row of numbers, that succeed, or 
foflbw one another in a regular order, is a series of num- 
%tf% \ abd Wheh t^e Virtus eC th^ ^^Vii^ Vti<i!%^i»m^ ^"^ ^»^- 

1 % 
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crense leguUrl)' by acommondilTcrcHcc i tliat is, when 
ihe differunce between the SrsL iuid sci:oii<l urtiia ii equul 
to the diETtrence between second aiid diiid, Set. tlieii it is 
a series of numbei's id arillitnclical progressioTi. For 
instance, the numbers, 4, 7, 10, 13, IQ, 19, 32, £cc. ai-c aa 
iocrcusing series in arithmetical progressloa ; because 
they increase I'egularlj- by the contiiiual addition of the 
conitnon tlilfeicnce 3 ; thut ii, the 7 are 3 greater titaii 
the 4 i the lo, tlirec t^reuier tliun tlie 7 i the 13, i grenler 
than the 10, ku. T)ie iiitit ajid laRtierins are culled the 
extremes; and in any scriei> of numbers in arithoietlc&I 
progression, the sum of tlie two extremes will tyunl tlie 
5\iin of any two terms iha' »re so eituuted, tlwl one of 
(hem is juat as far from the iirst term as the other is ffvin 
' ' ■ ■- . umber of terms he odd, tl)e sum of 

(jUiil to twice the ini<ldlc term. For 
the series, 4, 7, 10, 13, 16, 19, 23, we see, 
iliBtthe sum of tbc two exii-cmes 4 and 2-i is e<)UAl to l|)e 
sum of the two terms 7 and 1 'J, which are equnliy ilist^nt 
fi-om the extremes 1 as also to tlie Hvo terms 10 and 16, 
kc. for, 4+32=26 ; and T + 1^=26 ; and 10+16=26 -. 
wd 13 + 13=26. 



From what has been suid, case I st may easily be ex- 
plained ; for, since thcseeontl term exceeds tlie lirst by 
once the common dilTerencc ; the third by twice; the 
fourth by three times, Uc. the last tei'm inu.rt of course 
exceed the first by as many limes the common difference, 
IIS thcfcikre term».e^'c^t one, Thevaforciti^ iiiiinifuai, 
that if wemullipiy the number of icniis, less than 1, or 
except 1, by the etyamon diff.:rence, it will show how 
much tlic iasl term exceeds the first ; and if ilic fij-sl term 
ticBtldedlOlhis, it will of course give the ksl term. 

Again, to lind the sum of the series ; since. [he sum of 
the two cxlrciiifs is equal to the sum of mjf two terms 
(.•<|Ually distant Iroiauie exu'cme>, tlie numhev of such 
sums in the sum of the series luust b&cigu.d to, half tlie 
number of terms i tbaiK,dllhc t«rms added together, 
Khich is ihe suoivl thcserijis, must be equjj to tlicsam 
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of the extremes multiplied by half the number of terms. 
Buty to multiply by half the number of terms will produce 
the same number as to multiply by the whole number of 
terms and take half the product. Wherefore, the rule 
must be plain. 

CASE 2d explained 

In case 3d we see that the two extremes and the num- 
ber of terms arc given to find the common difference. 
Now, since it has been shown, that the last term exceeds 
the first term by the product of the cCrmmon difference by 
the number of terms less than 1, if we take the first term 
from the last, it is manifest, that the remainder must be 
the product of the common difference by Uic number of 
terms less than 1 ; and therefore, if we divide this re- 
mainder by the number of terms less than I, it must of 
course give the common difference. 



GEOMETRICAL PROGRESSION. 



J^u/iil. The Assistant says, that geometrical progres- 
sion is a scries of numbers, increasing or decreasing by 
one continual multiplier or divisor, called the ratio. 
This is not plain, for 1 do not understand the meaning of 

i*atio. 

Tutor, The word ratio has more meanings than one ; 
but strictly speaking, ii signifies proportion ; for instance, 
if the first of four numbers bear the same pi'oportion to 
the second, that the tliird does to the fourth ; then the 
first' is said to have the same ratio to the second that the 
third has to the fourth. But, in geometrical progression, 
the ratio is the number by the continual multiplication or 
dirision, of which the terms^of the series increase orde- 
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^ase ; for iasiaiice> the numbers, S) 6, ie> 51, E;c. in- 
case)))' fRultiplyiug coniinualiy by 3; for, 3x3=6 i 
GX3^1S t tSx3i=54, Ecc. and therefore, inthi&cbse, ihe 
ratio ia 3. 

In any series of numbers, in geometrical progresBton, 
the product of the two extremes, is equal to the product 
of any two nieans, or tertn-s, that are et^uAlly distant fron) 
! extremes. For inatancei in the Bei'iesi 3, 6, 1 B, 54, we 
!, thU54x3=IOSi and 18X6=108. If the number 
terms be odd, the product of the two extremes is 
equal to the square of tbe middle term ; lor, if the terms 
be, 2, 6, 18, ilien, IBxS='>5 ; and, 6x^=36. 



Putiil- In the American Tutor's Assistant, the rule 
ibrfindtngUielaat term, aays," Multiply the fiist term 
into such a. power of the ratto, qs is indicated by ihe num- 
ber of terms less than one, and the product will be the 
last term." This is so dark that I cmnnot work by It ; 
much less understand the ground work of it. 

Tutor. Ii may be worded in a more simple niiuiiier, 
thus : 

Involve the ratio to a power equal to the number of 
terms, teaathwil ; and multiply this power by the first 
term, for tlie lust term. 

This rule is the same in sense as the one above ; ^nd ii 
may be explained, thus : iiinue the second term is-4'orm- 
ed by multiplying the first by the ratio ; and the ihird. by 
multiplying the second by the ratio, £(c, it ii niunifest, 
that the second term is equal to the first multiplied oirac 
by the ratio, and the third equal lo the first multiplied 
twice by the latio ; and the fourth equal to the lirat mul- 
tiplied 3 limes by the ratio, Btc. Therefore, ibe last term 
i& equal to the lirat multiplied by the ratio as many times 
as there are terms, less iliun I. But, multiplying the 
the first term t^ the ratio as many times as there are 
Wi-nts, less^tlian L, will manifestly produce the same ouni- 

■, as to multiply tbe ratio by ititlf as many times aa 
there are ternis, less ihan 1 ; and then multiply by the 
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^iirst term. But, multiplying the. ratio by itself as many 
' times as there are terms, less than 1, is the same thing 
as involving the ratio to a power ecjual to the number of 
terms, less than 1 ; and therefore, the rule is plain. 

To find the sum of the scries, or the sum of all the 
terms, we are directed to multiply the last term by the 
ratio, and from the product to subtract the first term, and 
divide the remainder by the ratio less than one. To in- 
vestigate this, it must in the first place be observed, that, 
in any increasing series of numbers in geometrical pro- 
gression, the last term less than the first, or the differ- 
ence between the la&t term and the first, is always equal 
to the sum of all the terms except the last, multiplied by 
the ratio less than 1 ; and therefore, if we multiply the 
sum of all the terms except the last by the ratio less than 
l,andadd the first term to the product, it will give the 
last term ; and, since it is manifest, that the sum of all 
the terms must be 1 time the sum of all the terms except 
the last, greater than the last, it is plain, that, if we mul- 
tiply the sum of all the terms except the last, by the ratiq> 
and add the first term to the product, it will give the sulh 
<rf all the terms. Wherefore, if we subtract the first 
term from the last, and divide the remainder by the ratio 
less than 1, it will g^ve the sum of all the terms except 
the la»t ; and if wc multiply this by the ratio, and add the 
first term to the product, it will give the sum of all the 
terms, agreeably to what has been said. But it must be 
manifest, to an observant person, that this is the same io 
effect as working by the rule ; and therefore, I need in- 
vestigate it no further. 



SIMPLE INTEREST— 3 Y DECIMALS. 

PufiiL I can work examples in this rule tolerably well 
by following the directions of the rules ; but I cannot sec 
♦he reason why wc must \TOvk^^ llwi vxxV^^ ^vc^<:X» 
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'iitar. I should iliink that tni;];Iit easily be seen 1 

person who has a knowledge of interest ; foi-, by takiiiS' 

particular notire of what U given and what is rc(]iiirc<1. 

sense will dictate what nnust be done to End wliat i§ 
required ; wliich I shall entleavour to show. 



Incase lat we seci that the principal, time, anil t-etl! 
are givcn^ to find the interest und amount ; und, since 
the ratio is the interest of I potin(I< or dollar, for I yeur, 
it 1b clear, that if we muttiply it by the principal, h will 
give the interest of the whole principal for 1 yeur ; and 
iliis, being multiplied by the time, Will of com«e give 
the interest required ; which beingatliled to the principal, 
will give the amouni. 

CASE 3n E'Xl'l.AIKKD. 

4n case Sd we Bce, that the amount, time, and n 
given, to find the principal ; and, since the ratio Is the fe 
terest of 1 pound for 1 year, if we multiply itb}- the 
lime, it mill of course give the interest of I pound iw 
the whole time ; and if we add 1 to this interest, It Will 
give the amount of I poiiiwl principal for the ■wholeiime i 
and, it is manifest, tlnit iliis amount divided intothe giv- 
n ftmount, will give the principal required, 

CASE 3s EXPLAINED. 

In case 3d the amount, principnl, and lime a 
to find the rate per rent, or ratio ; and, since tl: 

he sum of the principal and interest, if we subtract 
tiie principal from it, thu remainder will be the interest ; 

1, since it was shown incuse tst, that the principal, 

ic, and ratio, must be multiplied lotrclher to give the 
interest, it ismanifcat. that, if we divide the inicrist b<,' 
tite product of the principal and time, it willgivt 
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CASE 4th explained. 

In case 4th the amount, principal, and rate per cent. 
ai*e given to find the time ; and, since the principal, time, 
and ratio, must be multiplied together to give tiie inter- 
est, it is plain, that, if we divide the interest by the pro- 
duct of the ratio and principal, it will give the time. 



COMPOUND INTEREST— BY DECIMALS. 



Pu/Ul. It seems that the ratio in compound interest, is 
a different thing from what it is in simple interest ; for, 
in simple interest, it is the interest of 1 pound, or dollar, 
for 1 year ; but, in compound interest, according to the 
Assistant, it is the amount of 1 pound, or dollar, for 1 
year. This appears tolerably plain, as also the method 
of finding the ratio ; but the tables seem dark. 

Tutor. The ratio involved to any given time, is the 
amount of 1 pound, or dollar, for tliat time ; that is, the 
square of the ratio, is the amount of 1 pound for 2 years ; 
the cube of the ratio, the amount of 1 pound for 3 years ; 
the fourth, power,, for 4 years, &c. Therefore, by the rais- 
ing of the ratio, lable II. is calculated, for it shows the 
amount of 1 pound, for any number of years from 1 to 
50 ; wJhich shows that the ratio is involved to the 50th 
power, and every power from 1 to 50, retained and plac- 
ed in the table in a icgular order. 

PufiiL I cannot sec how it can be, that involving the 
ratio to any time, will give the amount of I pound for 
that time. 

T\itor, That is not difficult to be seen ; for, since the 
ratio is the amount of 1 pound for 1 year, if we find the 
interest of the ratio for 1 year, and add it to the ratio, it 
will give the amount of I pound for 2 years, agreeably to 
the definition of compound interest •, aud^ iC wo. ^w$L ^.Vs& 
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intercstoClhisamouiil for I feari andadcl illo theamotiM^ 
it svill give the itinount uf I jrounU Ibr 3 years, &c. But 
this is ihc same in elTtct no iiivulviiig the ratio i for, the 
tniercBi gf 1.06 for 1 yejr, is ,0636 ; and l,05-f ,0536ai 
1.1236, the aniouat of I pound for a years ; undit Is the* 
snme as the. square of the ratio ; for 1.06x1.06=1.1236. 
Again, the interest of 1. 1236 for 1 year is .067416 ; and 
4.ia36x.06r4l6=t.!9101&, thcamountof 1 pound for 
3 years, [he same as the cube of the ratio; for 1.06x 
1.06X1.06=1.191016. Whence it ia plain. 

Piifiil. The assistant signifies, that the amount of 1 
pound for 1 quarter of a year, is the 4th root of the niiio ; 
for 2 quarters, the square root ; and for 3 quarters, iho 
product of the square and 4th roots. This is beyond my 
CQUiprehension. 

Tulir. It may easily be made to appear plain ; for, 
*e know that the 4lh power of the amount of I pound for 
L year, is the amount of 1 pound lor 4 years; Hnd if bo> 
llie 4th power of the amount of I pound for 1 quarter of 
a yeafi must be the amount of 1 pound for 4 quarters; 
that is, it must be the ratio ; and therefore, Ihc 4th root 
of the ratio must he the amount of 1 pound for 1 quai'tcr 
of a year. Far a similur reason, the squai-c root is the 
amount for 2 quarters, &c. 

By extrectini; the squiircand 4th roots of tlie ratio, Stc, 
table I. iscalculaled 1 forihe numbers in the third col- 
umn are the amounts of 1 pound for 3 quarters of a year, 
and are found by muliiplymg the square root of the ratio 
by the 4ih root i and the numbers in the fourth column 
[■.re the amounts of 1 pound for a half of a year ; and 
those in the fifth, for 1 quarter of a year ; the fonner of_ 
which ar« found by extruding the squnre root of the, h ~' 
'io ; and the Utter, the 4th root. ' 

CASE 1st BXPLAIKEn. 

>ioW| to explain the rules, we may observe, 
rase 1st the pi-incipal, time, and i-atc are given, to find 
the amount ; and. since the ratio is the araouni of 1 pound 
for I year, if we involve it to the time, it will give ih(^ 
amount of 1 pound for the whole iime, as has been shown -. 
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and if this amount be multiplied by the principal, it will 
of course give the amount required. 

PufiiL How are we to involve the ratio to the time, 
when there are years and months, or years, months, and 
days given ? For instance, the last example in this case 
in the A. T.'s Assistant, says, " What is the amount at 
compound interest of 559 Z. 10«. 6fl?. for 3 years, 7 montlis, 
and 1 5 days, at 4^ per cent, per annum ? 

Tutor, The ratio is involved to 3 years, 7 months, and 
1 5 days, or, the amount of 1 pound for 3 years, 7 months, 
and 1 5 days, is found thus : The amount of I pound for 
3 years is found in table II. to be 1.14U66j and the 
amount of l pound for a half of a year, is found in table 
I. to be 1.022252 ; and therefore, 1.14ll66xl.022252=s 
1.1665602, the amount of 1 pound for 3 years and 6 
months. Again, the simple interest of 1 pound for 1 
month, is found in table I. to be .00375, and half of it 
.001875, the interest for 15 days; and, 1.1665602 + 
.003f54-.001875 = l.l72l852,the amount of 1 pound for 
3 years, 7 months, an^ 15 days nearly. I say nearly, be- 
cause, to get the exact amount, instead of adding the 
simple interest of 1 pound for I month and a half, we 
should multiply the amount for 3 years and 6 months by 
the 1 2th root of the ratio ; which would give the amount 
for 3 years and 7 months ; and by multiplying this amount 
by the 24th root of the ratio, we should get the exact 
amount of 1 pound for 3 years, 7 months, and 1 5 days ; 
which would differ but very little from the foregoing 
amount. 

CASE 2d explained. 

In case 2d, the amount, rat^, and time, are given, to 
find the principal : and, since it has been shown, that the 
ratio involved to the time must be multiplied by the prin- 
cipal to give the amount, it is manifest, that, if we divide 
the amount by the ratio involved to, it will gvve the prin- 
cipal. - " 
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tbe time 

ultiplied by the prinripal gives ihe ainounu it is pluin, 

thai the amount dmded by the pvintipal will give the 

tJo involved to the lime i unci, thei-efoic, involving (' 

tio till it ecjuals the quotient niust give the time. 

Ill cELse 4th, the principal, amount, and time, are f^iTM^ 
find the rate of imerrst, or ratio: and, since it liati been 
shown, that, dividing the uinount by the piiticipul, gives 
the ratio Involved to ihe time, it is miuiifciit, thot, if we 
extract such a root of the quotient as is indicatocl by the 
lime, it will be the ratio. 



ANNUITIES 
AT COMPOUND INTEKEST. 



4 



I 



Pufiil. The assistant says, thai an anniiiiy is a sum ol 
money payuble yearly,half yearly, orquat-tLiIy, foi'A num- 
ber of yea.rs, during life, or for ever ; and may draw in- 
terest if it remain unpaid after it becomes due. I cannot 
understand clearly the meaning of an annuity from this 
definition, 

Tutor. The definition is plain ; nevertheless, the fol- 
lowing observations may perhaps make it appear more so ; 
to wit, if a person have a yearly income of any value, it is 
ceiled an annuity; because it becomes due annually, or 
rearly; and this income may continue a certain number 
of years, during the life of the person, or for ever ; and 
the paytnenlB may be made either yearly, half yeui'ly, or 
[juarlcrly, according to contract ; and if they are not paid 
is they become due, they of course draw interest. 
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# 

PufiiL What is the ratio in annuities ? 

Tutor, The same that it is in compound interest ; to 
wit, the amount of 1 pound, or dollar, for 1 year, at the 
given rate. 

FufiiL The tables and rules a,ppear exceedingly dark. 

Tutor, I -do not wonder at their appearing dark j for 
they arc so very abstruse, and depend so much upon. alge- 
bra, that it would be almost impossible to illustrate them 
so as to make them appear plain to such as shave never 
studied algebra ; therefore, I shall not undertake to ex- 
plain them fully ; but shall make some remarks, which 
may probably cast a little light upon them. 

PufiiL I should like to know whatlKe numbers are in 
table III, table IV, and table V, or what they represent. 

Tutor, The numbers in table III, are the amounts of 
1 pound annuity at different rates per cent., and for differ- 
ent times; and they are found by taking a unit from the 
ratio involved to the time, and dividing the remainder by 
the ratio less a unit. For instance, the number in the 
table under 6 per cent, and opposite 6 years, is 6.975318 ; 
and it is found thus : The ratio involved lo the 6th power 
is 1.4185191; and 1.4185191 less a unit s=:.4185l91; and 
1.06 less a unit =.06; and .4185l9l4-.06aa6.9r5318, 
which is the same as the tabular rfumber. 

RULE TO CASE IST EXPLAINED. " 

From what has been said, the rule to case 1st may 
easily be explained ; for it has been shown, that, if we t$ike 
a unit from the ratio for a divisor, and fro-.n th^ ratio in- 
volved lo the time for a dividend, the quotient will be the 
amount of I pound annuity for the given time ; and if so, 
the quotient multiplied by the annuity, will consequently 
be the amount required, for yearly payments ; and, when 
the payments arc half yearly or cjuarterly, we are directed 
to multiply the amount for. yearly payments by the proper 
number in table V, for tlie true amount: from which it 
appears, that the numbers in table V, are the amounts of 
I pound annuity for I year at half yearly and quarterly 
payments; for the amount of 1 pound for 1 year at yearly 
payments, is I pound, and I pound multiplied by one of 
tlie tolvahir numbers, will ^vv^ vVv<i Vo3a\s\^\ w\\s^^^. 
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> CASK Sd explained. 



1 



to case 2(1 may be wordctl thus : 
mil from ihc ratio involved lo the time, 
divide the remainder by the ratio less 1; the anioum divid- 
ed by the quotient will be the unniiity. 

Although this differs widely in words from the rule in 
the AsKisiuit, it is Tnanifestly the same in cfl'ect ; and it 
may l>e explained thus; Since it has been shown, that, 
by taking a unit from the mlio involved to the time and 
dividing the remainder by the raliu less l,wc get the 
amount of I pound auniiily for the given time; and that 
tltiplied by the annuity gives the amoimt, the 
divided by this must give tlie annuity. 

RL-LE TO CASH 3d EXrLAINED. 

The rule to case 3d may be worded thus : 

Divide the amount by the annuity, multiply the quo- 
tient by the ratio less 1, and add a unit to the product, then 
involve the ratio up to the sum ; and the power to which 
it i^ raised will indicate the time. 

This is manifestly tBe same in effect as the rule in the 
Ass^tant, and tt may easily be explained ; foi', it has been 
showBi that the amount of 1 pound annuity for the given 
time, must he multiplied by Ihe annuity to give the 
amount; and if so, the amount divided by the annuity 
must give the amount of 1 pound for the given time i and, 
e this amount is found by taking a unit from the ratio 
lived to the time, and dividing the remainder by the 
3 less I, it is manifesti that, if we multiply it by the 
ratio less !, and add one to the product, the sum will be 
the ratio involved to the lime ( and, if we involve the ratio 
Up lo this sum, the power to which it is raistd will of 

urse indicate the time. 

Before we go any further, it may be best to observe, 
that the numbers in table IV, «re the present worths of , 
1 pound annuity for any number of years from I lo 40 ; 
and they are found, by dividing 1 pound annuiiy by the 
rt-Jred loilie time, and subtracting the t; 
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from 1 pound, and dividing the remainder by the ratio 
less I. For instance, the number under 6 per cent., and 
opposite 5 yefirs, is 4.2 1236 ; and it is the present worth 
of 1 pound annuity for 5 years at 6 per cent, and is found 
thus : The ratio involved to the 5th power, js 1.3382256.; 
and 1 "^13382256 = . 74725809 ; and 1 — .74725809 = 
^527419; and .2527419-~.06 = 4.21236 ; which is the 
same as the tabular number. 

mULK TO CASE 4tH EXPLAINED. 

The rule to case 4th is exactly the same as the one by 
which table IV is calculated ; and, since the numbers in 
the table are the present worths of I pound annuity, it fol- 
lows of course, that, if we work any other annuity by the 
rule, it will produce the present worth of said annuity. 

RULE TO CASE 5rH EXPLAINED. 

The rule to case 5th, as it stands^ in the Assistant, is 
very difficult to explain ; therefore, we will make ano- 
ther, thus : 

Divide 1 by the ratio involved to the time, and subtract 
the quotient from 1, and divide the remainder by the ratio 
less 1 ; thien divide the present by the quotient, an» the 
last quotient will be the annuity. 

This rule may easily be explained from what has been 
said ; for it has been shown, that, to divide 1 by th^ ratio 
involved to the time, and subtract the quotient from 1 , and 
divide the remainder by the ratio less 1, will give the pre- 
sent worth of 1 pound annuity for the given time; ^nd if so, 
this present worth divided in the given'present worth, 
must give the annuity required. 

RULE TO CASE 6tH EXPLAINED. 

The rule to case 6th may be explained, by tracing the 
rule to case 4th backwards; for, the rule to case 4th says, 
"Divide the annuity by the ratio involved to thie time, and 
subtract the quotient from the annuity ; divide the rem^w- 
der by the ratio less 1, and the qoiOXAfcTvX. ^Y'X \i^ 'C^^^-^^ 
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It worUi ;" therefore, if we muUiply the present wonl» 
by the ratio less I, and subtract the product rrom the an- 
Quitf, the remainder must lie the same as the quotient 
produced by dividing the annuity by the ratio involved to 
the time ; and, therefore, if we divide ihe annuity by this 
reminder, the quotient must be the i-aiio involved to the 
time ; and, therefore, if Ihe ratio be involved till it equals 
the quotient, the |>ower to which it is raised must indicate 
the lime. 

might coniiuue on thmugh annuities in tiiii manner ; 
but I think it unnecessary ; therefore, I shall relinquish 



ALLIGATION. 

Pufil. The first case of alligation is much n 
]>le than the others i but I do not understand it fully; 
s for the others, I do not even know how to work th 
the reason of which is, because I do no; understand k 
to Unk the numbers. 



Tutor. To explain case 1st, let us take the following" 
example ; to ^vit. 

If 6 gallons of wine at 67 cts. per gallon, 7 at 80 cU„ 
and 5 at 120 cts., be mixed together; what is one gallon 
of this misiure worth i 

Now, it is manifest, that the whole number of gallons 
nust bear the same proportion to the whole value of the 
wine, that one gallon does to its value ; and, by multiply* 
ing each number of galions by the price per gallon, and 
adding the products together, we get the whole value of 
ibc wine, or the value of all the wine; and, therefore, to 
get the value of one galloni we must, of course, say, As 
the whole number of gallons is to the whole value of the 
's one galloa to its value. W\>trefotc, 6xfiT = 
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402, 7X80=560, and 5X120=600; and 402 + 560+600 
= 1562, the value of all the wine. Again, 5+7 + 6=18, 
the whole number of gallons. Whence, as 1 8 g.. 1 56a cts. 
::lg..86.77cts.+ the answer. 

CASE 2d explained. 

Previously to explaining the ground-work of case 2d, 
it may not be unnecessary for me to make the following 
observations respecting the manner of linking the num- 
bers; viz. 

1. If there be two rates or prices given, beside the 
mean rate, one greater and one less than the mean rate, 
they must be linked together, and the less one must be 
taken from the mean rate, and the remainder set opposite 
the greater ; and the mean rate must be taken from the 
greater, and the remainder set opposite the less. 

2. If there be three or more rates, and but one of them 
less than the mean rate, it must be linked with each of 
the others ; or, if there be but one greater than the mean 
rate, it must be linked with each of the others ; and, in 
each case, the difference between the one rate and the 
mean rate must be set opposite to each of the others, and 
the difference between the mean rate and each of the 
others must be set opposite to the one rate. 

3. If all of the given rates be greater, or less than the 
mean rate, each of them must bc^ linked with a cipher ; 
and the difference between each of them and the mean 
rate must be set opposite to the cipher ; and the difference 
between the mean rate and the cipher, or the mean rate 
itself, must be set opposite to each of the other rates. 

4. If there be four rates given beside the meaA rate, 
two greater and two less than the mean rate, they may be 
linked seven different ways, which will pi*oduce sev^n 
differoift answers ; but one of the most simple ways of 
linking them is, to link one of the two which are less than 
the mean rate, with one of those that are greater, and the 
other with the other. 

5. If there be five rates given, or more, beside the 
mean rate, each one which is less tK«i.w \J^s. xsss.'ssw ^-i&R.^ 
must be linked with one or mote \Ja»X v& ^^'^^^ S -^nsv^^^^S. 
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we wish to get one of the most simple answers, we must 
link each rate with as few as the nature of the case will 
admit. 

Now, the reason that working is directed abcyve, will 
give the number of simples, that is, gallons, bushels* &c. 
tnat must be taken, at their respective rates, to make a 
compound at any proposed price, is this : By linking the 
less rate with the greater, and placing the difference be- 
tween the less and the mean rate opposite the greater, 
and the difference between the greater and the mean rate 
opposite the less, the quantities, resulting are such, that 
there is precisely as much gained by one quantity as there 
is lost by the other ; and therefore, the gain and loss, upon 
the whole, are equal, and are exactly the proposed rate. 

In like manner, let the number of rates be what it m£^, 
and with how many soever each one is linked, since it is 
always a less with a greater than the mean rate, there 
will be an equal balance of loss and gain between every 
two, arid consequently an equal balance on the whole. ^ 

To make this more plain, we will take the following 
example ; viz. 

How much wheat at 12*. per bushel, and rye at 7s. will 
it take to make a mixture worth 9s. per bushel ? 

s. 

s, ri2 - - 2 at I2sr\ 
Mean rate 9<^ J >Answer. 

7^ . - Sat Ts.j 

Here, by taking 2 bushels at 12 shillings per bushel, 
65. are gained; because 2 bushels at I2s. per bushel, 
amount to 6s, more than they do at 9s. per bushel. Again, 
by taking 3 bushels at 7*. per bushel, 6s. are lost ; be- 
cause 3 bushels at 7s. per bushel, amount to 6s, J^ss than 
they do at 9». per bushel. Wherefore, if 2 bushels of 
wheat at \2s, per bushel, be mixed with 3 bushels of rye 
at 7s. per bushel, the mixture will be worth 9*. per 
bushel. 

Pupil. I should like now to see the rates in the follow- 
Jrrcr example iinkcd seven differctvt -wa^s. 
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Example. A druggist has several sorts of tea, viz. at 
1 2«. per lb. at \\s, at 9«. and at 8*. how much of each sort 
must oe taken to be sold at 10«. per/d. ? 

Tutor, To produce the answers in the order in which 
they stand in the Assistant, the rates must be linked 
thus: 



1.10<i . i I 2. 10<f _ fA 3. 10 




4. io<^ : Y) 5. \o< ; n 6. 





r. 10 



Pupil, Since four rates, two greater and two less than 
the mean rate, will admit of seven answers, will not five 
or more rates admit of still more answers ? 

Tutor, Yes ; five rates, two greater and three less, or 
two less and three greater, than the mean rate, will ad- 
mit of twenty-five answers. 

CASE 3d explained. 

Pupil, In case 3d, the rates are to be linked together, 
it seems, and the differences taken in the same manner as 
in case 2d ; but after this is done, we have to make seve- 
ral statings of the rule of three to get the answer, the rea- 
son of which seems somewhat dark. 

Tutor, It may easily be explained by the help of the 
following example ; viz. 

A fanner has 50 bushels of wheat at 12*. per bushel, 
which he would mix with rye at 78, and oats at 3«., how 
much rye, and how much oats must he take to mix wltlx 
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the 50 bushels of wheat, that he may sell the nuKture at 
10«. per bushel ? 



10^ 7n - - 2. As 10..2::50..lO ofoats. ^Answ. 



7 + 3=10. As 10..2::50..10ofry€. 1 
2. As 10..2::50..10 of oats. > 

2. J 



By linking the rates together, and taking the differ- 
ences, we find, that, if we mix 2 bushels of rye at 7«. per 
bushel, and 2 of oats at 3^. with 10 bushels of wheat at 12«. 
the mixture will be worth 10*. per bushel. Bui, agreea- 
bly to the question, we are to find the number of bushels 
of ^Ikcb sort that must be mixed with 50 bushels of wheat, 
that the mixture may be worth 10*. per bushel ; and, 
since 2 bushels of each sort mixed with 10 bushels of 
wheat, make such a mixture ; it is plain, that the 50 
bushels must bear the same proportion to the number 
of bushels of each sort that are to be mixed with the 50 
bushels, that 10 bushels bear to 2 ; and therefore, as 
10..2::50..10, the number of bushels required. 

I shall not take the pains to explain case 4th, because, * 
if case 3d be fully understood, it must be manifest. 



POSITION. 

Pii/iil. Seeing we have to use supposed nunibcrs in 
working questions in this rule, would it not be more pro- 
per to call it supposition than position ? 

Tutor, I think it would; for I can see but very little 
reason for calling it position, since position signifies situ- 
ation, principle l;iid down, &c. It is sometimes called 
the rule of false, or false position ; and there appears to 
be some reason for culling it false position ; bec^iuse it is 
wrought in some measure upon false principles ; that is, 
the calculations are made On false numbers ; but in tl\c 
conclusion f the number sought is determined. 
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There are many hard intricaLc c[uestions, to which no 
rule in Arithmetic will apply except this; and, there- 
fore, this rule may be said to be the last resort in Arith- 
metic. 



srNGLE POSITION. 



THE RULE EXPLAINED. 

. All questions which require only one supposed num- 
ber, belong to single position : and to show how to work 
buch questions we will take the following example, viz. 

A person having about him a certain number of dollars, 
said, that ^, ^9 h ^"^ 6 ^^ them would make 171; how 
many dollars had he ? 

Now, according to the rule, we are in the first place to 
suppose a number, and work with it, according J^ the 
tenor of the question ; and therefore, ^^JfeU suppose 
60; that is, we will suppose that the persiHThad 60 dol- 
lai*s about him ; and, to work with this 60 according to 
the tenor of the question, it is plain, that* we must take 
the -^9 -p T^ ^^^ i ^^ ^^' ^^^ add. them together, thus? . The 
^of 60»)0,^of 60ss:l5,|of 60»:12,and } of 60s=10; 
and 20-fl5-f 12+10=57. Now, it is manifest, that if 
we had supposed the right number, and had taken the 
^ \y -}y and } of it, and added them together, we should 
have got 171, instei d of 57 ; and it is cleai*, in questions 
like this, that the result of one supposed number must be 
to the supijosed number as the result of another supposed 
number is to that supposed number; and, therefore, 
since 57 are the result of 60, and 171 the result of the 
right number, as 57..60:: 171..180, the answer. 

Pu/Ui. If any other number had been supposed instead 
of 60, would it not have answered the same Qur\^Qae I 
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Tutor, Yes ; but 60 was made choice of, because it is 
the most convenient number ; for it is the least number 
that will divide by 3, 4, 5, and 6, without remainder. 

Pupil, How are we to determine whether the question 
belongs to single or double position ? 

Tutor, Suppose twb numbers, and work with each ac- 
cording to the tenor of the question ; then multiply each 
supposed number by the result of the other, and if the 
product* be equal, the question belongs to single position, 
otherwise not. 



DOUBLE POSITION. 

« 

Pufiil, Double Position appears very dark to me. 

Tutor, It appeara dark to most beginners, and I do not 
much wonder at it ; for it is one of the most difficult rules 
in Arithmetic to understand ; however, I will endeavour 
to cast a little light on it by working the following ex- 
ample, viz. 

Diyae lOOi. so that B may have twice as much as A, 
wanting SiAnd C three times as much, wanting 15/.. 
what is eac^raan's share ? 

Let us first suppose A's share to be \0L, then, agreea- 
bly to the question, 10x2 — 8 = 12=B's.5hare; and, 10x3 
— 15s=15=C's share; and 10-fl2 + l5=37=:the sum of 
the shares according to the supposition. But the sum of 
the shares is 100, agreeably to the question ; and, there- 
fore, 100 — 37=63s=the error too little; that is, the 63 
shows that the result is 63 too little. Let us next sup- 
pose A's share to be \bL, then 15X2— 8=22=B's share; 
and 15X3 — 15=:30=C's share; and l5+224-30=67s= 
the sum of the shares according to the supposition ; and, 
since the true sum of the shares is 100, 100— ^7 ass 3 3 sac 
the error, too little ; that is, the 33 show that the result 
is 33 too little. Now, since the errors are aiike; that is, 
since each error shows that the result of its supposed 
number is too little, we must multiply each supposed 
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I- 

number by the error of the other, and take the difference 
of the products for a dividend, and the difference of the 
errors for a divisor; thus: 10x^=330; and 15x63=s 
945 ; and 945— 330=615 =the difference of the products; 
and 63^— 33=a=30=3=the difference of the errors; and there- 
fore, 615-4-30=b20Z.10«.=A's share; and eoZ..10«.x3 
~S:=SSL.s=B*s share; and 30Z.10«.x3— *15=>46X.109. 
=C's share. 



THE FOUNDATION OF TU^ RULE. 

The rule is founded on this supposition ; to wit, that 
the first error is to the second, as the difference between 
the true number and first supposed number is to the dif- 
ference between the true number and the second suppos- 
ed number : when this is not the case, the exact answer 
to the question cannot be found by this rule. 

That the rule is true according to the supposition, may 
be demonstrated by algebra;* but not by common arith- 
metic ; or, at least, not without considerable difficulty. 



* It may be demonstrated by algebra, thus: -rA ^ 

Let a ss the first supposed number, d = thM^cond, 
r = the first error, * = the second, and x = the number 
required. Then, according to the supposition on which 
the rule is founded, r..«::x-*«..j7 — b ; fron^i whi^ we get 
rx— rd=«;c— «a, and, by transposition, rj>— *x=rd— ^d, 



and, by division, xs=: — !I!1- ssthe number required; Mif4^ 

if r and a be both negative, the theorem will be the same ; 
and, if one of them be negative^ x will be equal to 

■ ■ . ^ , which is the rule. 
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PERMUTATION. 



PuliU. What is tlie reason that Uiis rule is called pei'- 
mutution .' 

Tutor. The word pcfmiitation signifies changing of an 
ciEchaiige, and this rule teaches to find the number of 
changes or vai-iations in position ihM a given number of 
things may undergoi for wliich reason it is called peiinu- 
tation. 

I^u/iU. Permutation and Combination are neither of 
them of much uao ; are they ! 

Tutor. No; they arc not of much use ; nevertheless, 
Ihcy help to show tlie power and curious propertieji of 
numbei's, to know which, isi at leasts satisfactory. 

It is, for instance, very curious, that multiplying 1 by 
2, tjiat" product by 3, that product by 4, Sic. to tlie giren 

. number (as Uic rule directs), will produce tlie number of 
changes, of which the given number is susceptible : but 
that It. is so, may be shown thus : It is m^uiifest, that one 
thing can have but one position, for it cannot change with 

. itself. Two things can have two positions or sicuutions ; 

I thuSfoij ia, are two different positions of two lellers. ■ 

f Three ,_aiiilgs can have six different positions; for in- 
stance, the letters a, b, and c, can be placed six different 
^¥ays, thus, abc, acb, bac, 6ca, ead, and cia. Four things 
can be pieced twenty-four d ifferent ways, or ibey can have 
iwenty-f6ur different positions; for instance, the lellers 
a, b, egand d, may be placed twenty-four different Ways, 
ttuis, abrd, abdc, acid, acdi, adbc, udcb, batd, bade, bead, 

' beda, bdac, idea, eabd, cadb, cbad, cbda, cdab, cdba, dabc, 
dacby dbac, dbca, dcab, .ind dcbu. In the same manner it 
may be shown, that five things can have 130 different po- 
sitions, &c. and If "Wi; find by the rule the several num- 
bers of positions that 1, 2, 3, 4, and 5 things are suscepti- 
ble of, wc shall Bnd them to bCt It 3, 6, 34, and 120, Ibc 
e as those above. 
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COMBINATION. 



Th(irc is a material difference between Permutation 
and Combination,, yet they have some similarity. In 
Permutation, ad, iind ba, are two different positions of two 
letters j but in combination, although they are two letters 
combined two different ways, yet they are but one combinr 
ation of two letters. 

.Tf) illustrate this rule a little, let us see how many dif- , 
fcrcnt combinations of 2, S, 4, 5, and 6 things respective- 
ly there are in 6. It is manifest, that there can be no 
combination of 1 thing; but there are 15 combinations of 

3 in 6 : found by the rule, thus i z=z—:^ 15. It may 

iX2 2 . ' 

appear strange to some that there are so many combina- 
tions of 2 things in 6 ; but, $hat it is so, may be shown in 
th^ following manner, viz. Let the letters a, b, c, d, e, and 
y, be the 6 things out of which the combinations are to be 
made; then it is manifest, that each letter may be'com*- 
bined with each of the others ; for a can be combined 
with each of the others thus, ad, ar, arf, ae, and of; b with 
each of the others thus, da, dc, dd, de, and d/", &c. ; but, 
according to this, there will be 5 combinations for each 
letter, which will make 30 ; but this is double the number 
of combinations, for every 2 letters arc combine^ twice j 
as, abj and ba^ and it has been shown, that ab arid da are 
^ut one combination of two letters; and, thereforej,.the 
number of combinations of 2 in 6 is 15. 

The number of combinations of three things in six is 

^D ; and it is found thus : ^^^^^^ ,^^ =20.» In the 

^' 1X2x3 6 



* Cancelling- will apply here ?is \\v 'i\\3\>C\^'ii^>il\vk\w^^ 
J^ractlons. 



1 
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same manner, the iiumber of comhinatioTO of four In six, 
is found to be IS ; those of five, six ; and of six, one. 

Thua we see there are moi'e conibiniitions of three 
things in six, than there are of any other number ; and in 
any other case, the numbev of conibinivtions will be the 
greatest when the number lo be combined is etjual to half 
the number out of which the combinations are to he made: 
and, when the number to be combined is one less than the 
said half, the number of combinaiiotiH is the same as when 
it is one greater ; and when two less, the same as wben 
two greater, Etc. 



DUODECIMALS. 

PufiiL What is the reason, that feet, inches, seconds, 
&c. are called duodecimals '. 

Tiiior. Duodecimal signifies counted by twelves, and 
since 13 thirds make I second, IS seconds 1 inch, and 
12 inches 1 foot; inches, seconds, thirds, &c. are counted 
by twelves : and, therefore, they are properly called duo- 
decimals. 

Pufiil. Addition and subtraction of duodecimals need 
no explanation, for they are wrought just like compound 
Addition and Subtraction ; but Muiiiplication app< 
somewhat dtirk. 



tpp^J 



MULTIPLICATION OF DUODLCLMALS. 

Tutor. Multiplication of Duodecimals used to be 
called Cross Multiplication, and it is called so yet by 
some ; but Arithmeticians have discovered of lute a way 
of placing the numbers so as to supersede the necessity 
of multiplying crosswise ; which is much better than the 
o/d itay i and therefore, this rule should no longer be 
cailcd CrQsa Multiplication. 



ABITHMETICAL ILLUSTBATOR^ , |35 

CASE 1st explained. 

To explain case 1 st, let us multiply 1 2 feet, 9 inches, 
and 6 seconds, by 4 feet, 5 inches, and 7 seconds. 

Now, the rule directs us to set the feet of th« multi« 
plier jundcr the lowest denomination of the multiplicand, 
and in multiplying carry 1 for every 13, &c. which being 
easily performed, there is nothing for me to do but to 
show the reason that this way of working produces th^ 
pi*oduct. 

F. I. " "' '"' 
12 9 6 

4 5 7 

I I III > 

7 5 6 6 
,5 11 11 6 
51 2 O 



57 9 5 6 



Ifi the first place, then, that the explanation may l^e the 
more easily performed, we will begin with the feet of the 
multipliers, not in multiplying, but in considering the 
work ; but, since it has been shown, that two applicate 
numbers cannot be multiplied together, we must consi- 
der the inches and seconds of the multiplier as a fraction 
of a foot, and the feet as an abstract whole number ; never- 
theless, I shall make use of the words, feet multiplied by- 
seconds, inches multiplied by seconds, &c. for the sake of 
simplicity. 

Now, to explain the work, if we consider the 4 feet as 
4 simply, then .the product of the 4 and the 6 seconds, 
must be seconds ; and, therefore, in multiplying by the 4, 
the first figure that is set down should come in the column 
of seconds, and we see it does. Again, since seconds 
multiplied by feet give seconds, and since inches are 
twelfths of a foot, seconds multiplied by inches, must give 
twelfths of a second, which arc thirds ; tuid,^ therefore, in 
multiplying by the 5, the first figure that i^ ^^t <iss^\x 
should come in the column o? X\vve^^^ ^sv^\t^ 's^'^^^^.^sasi^^ 
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I , Lastly, since seconds multipUed by inches give thirds^ 1 

and since seconds are iwelflhs of inches, seconds niulii- | 



PROMISCUOUS QUESTIONS. 



plied by seconds, must give twelfths of thirds^whicli 
fourths i and, therefore, in multiplying by the 7, the ficsi 
■figure that is set down should come in ihe column of 
fourths, and we see U does. The first figure at the right 
in each of the three lines which form the product, being 
thus proved to be right, the others mus 
right ; and therefore, the product is right. 



I 



Pufiil. I think I have a tolerably good knowledge of 
Arithmetic now ; nevertheless, I should like to see some 
of the hardest of the promiscuous questions in the A. T.'s 
Assistant, wrought, before we conclude j for some of them 
■ are very hard. 

Tutor. Very well ; I will select out some of the most 
difficult ones, and stale them, and make some observations 
on some of them. 

QUESTION 8th. 

A stationer sold quilh at I0<. 6d. a thousand, by which 
he cleai'cd ^ of the money ; but growing scarce, raised 
ihem to 12s. a thousand : what did he clear per cent, by 
the latter price ? 

Here, j of lOa. 6rf. = 3e. firf. andlOs. 6rf. — 3«. 5rf. = 
7«. =lhe prime or first cost of a thousand; and 1 3s. — 7*. 
= 5». = thegainperlbou3anilby ihc latterprice. Where- 
fore, as 7«. - 100/. js 5«. "71/. 8*. 6d. I, the answer. 

quxsTiON 13tb. 

A person being asked the hour of the day, said, the 
//me past noon is equal lo^ot theUme till midnight: 
ir/iMt nua the lime ? 
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Many teachers direct their scholars to work this ques- 
tion by Position j but it may be done more eleg^ntly^ and 
with abundantly less wbrk^ thus : Conceive the time past 
noon to be divided into four equal parts ; then, according 
to the question, the time till midnight is equal to five such 
pai:ts ; and, consequently, the time from noon to midnight 
is equal ti> nine such patts. Wherefore, as 9"4::l2hv 
5h. 20m. the answer. 

QUESTION 20th. 

Sold goods for 63/. and by so doing lost 17 per cent, 
whereas I ought, in dealing, to have cleared 20 per cent, 
then ho\y much under their just value were they sold ? 

It is manifest, that as many goods as cost 100/. must be 
8ol|^ for 83/. to make the loss 17 per centy and to make 
the gain 20 per cent, they must be sold fbr 120/. and, 
therefore, as 83/."120/.::63/.-91/.U.8Urf. and 91/.!«.8f§(/. 
.i.^3/.s28/.l«.8f|fif. the answer. 

QUESTION 23o. 

A merchant who hired a clerk for 50/. per annum, pay- 
able quarterly, has (agreeably to a subsequent contract) 
retdned the young man's salary in trade for 1 1 years and 
an half, on conditions of allowing him 6 per cent, com- 
pound interest on the several payments as they become 
due ; how much has he now in the merchant's hands ? 

This question is wrought by case 1 st of Annuities; but 
not by table III ; for that table will not apply on account 
of the half year. Wherefore it must be wrought by the 
first pan of the rule to case 1 st, thus : 1 .06 — 1 =.06, the 
divisor; and 1.8982985X1.029563?= 1.954417, the ratio 
involved to the time; and therefore, 1.954417—1 =954417, 
and .954417-^.06= 15.90695, 15^90695X50x1.022257= 
813/.U. the answer. 

/ ■ 

QUESTION 24T0. 

In what time will 20/. a-year raise a stock of 1 67,877/. 
compound interest being commuted aX. ^ ^^i: ^^\w\.. >^^^l ^iisv- 
num } 
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This is wrought fay case Sd, innuides, thus: 1 67.877 x 
.06-^-30+1 = 1.503631, which is the ratio involved to tne 
time ; and* therefore^ if we invoire theratio up to tiiis 
number, the power to which it is raised will indicate the 
time ; or« if we look in table 11, under 6 per cenu we shuil 
find a number neari]r equal to this, and opposite to it, 7 
years, which is the answer. 

qUESTIOV 

Which would be preferable, an annual rent of 365/. 
cle^iT for 12 years, to be leceired in quarterly payments^ 
or 300vV. in hand, reckoning interest iit 5 per cent. ? 

This is wrought by case 4th of annuities, thus : 8.8632s 
X365X 1.018559 — SOOO=i}95/.2«.5|tf. the answer. 

qvrxsTioN 26th. 

Wkea ^ of the members of an assembly + 1 5 were 
met, there were -^^ 10 absent ; how many did that branch 
of the legislature consist of? 

Many work this question by Position ; but it may be 
wrought with much less work, thus: j-f-i-=J^-J^=|^ 
which, according to the question, is the whole assembly 
all to 1 5 -i- 10=25 ; and, therefim, ^ of the whole assem- 
bly is 25 ; and if so, 6 times 25 must be the whole assem- 
lly. Whenrt? as 1"25::6"150, the answer. 

dUESTiosr 27x8. 

Which is the most advantageous, a term of 1 5 years in 
an estate of 50O^. per annum: or the reversion cf the &aae 
estate for ever after the expiration of that lime ; interest 
reckoned at 5 per cent. : 

This is wrought by case 4th of Annuides, and ay case 

i 1st of Perpetuities in reversion, thus: 10.37965 X5'?0= 

If ^ 5189.825= the present worth of 50C:. anauitv. Agddn, 

S,078^28l X .05 = .10394c405, and 5C0 -s- .1:3946405 «= 

•lOLl7l,and5l«9.»25— »8l0.171 = 379.654=r:79/. 13#. 

i ihe Moswer. 
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qifESTION 28th. 

What annuity, now commencing to continue 19 years, 
may be purchased for a bill of 2000/. payable 3 years 
hence ; reckoning compound interest at 6 per cent. ? 

This is wrought by case 2d of Compound Interest, and 
by case 5th of Annuities, thus: 2000—1.191016 = 1679. 
239 =.the present woith. Again, 1679.239-i-l 1.1581 1 
= 150.494ts=l50/.9«.iqJrf. the answer. 

QUESTION 29th. 

For acertain lease to continue 7 years, *4 offers 650/. 
down, and 200/. per annum : B would give 150/. in hand, 
and 300/. a-year : pray which is the better bid, supposmg 
interest at 5 per cent. ? 

This is wrought by case 4th of Annuities, thus : 5.78637 
X200+650 = 1807/.5s.5|f/.=./f'sbid. Again, 5.78637X 
SOO + 150 == 1885/. 18«.2|rf.=J5's bid. Whence, 1885/. 
185. 2\d. — 1807/. 5*. 5|f/. = 78/. 12«. 8|</. the answer. 

quESTiON 32d. 

In what time will any sum of money double itself at 6 
per cent, simple interest ? 

It is evident, that it will take one sum just as long t* 
double itself as another; and, therefore, all we have to do 
is to find the time that it will take 100/. principal to gain 
100/. interest ; to do wJiich, it is manifest, that we must 
say, as 6/.'*lz/.::100/.*'16!/.8mo. tjie answer. 

QUESTION 33d. 

, In what time will money be doubled at 6 per cent, com- 
pound interest ? 

Hei'e, we are to find the time that it will take 100/. to 
amount to 200/. which must be done by case 3d of Com- 
pound Interest, thus; 200-^-1 00=2 =the ratio involved 
to the time ; and we find, by the table, that the time cor- 
responding with this number is between 1 1 and 12 years ; 
and, therefore, it must be found by the note under the rule, 
thus: 2.012964.— 1.8982985 = .1138979, and 2 — 1.8982 
2985=.lOl70l5;and,as.ll38979-ly.::.10170l5'\8929tf. 
mi .8929+ 1 1 = 1 1.89^^91/ . lYi^ ^n^^^v. 
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quESTiON 34th. 

^ A person in Philadelphia, about 70 years of age, has an 
income of 10/. per annum for ever, wliich is not sufficient 
for his subsistence, and he is become too infifm to labour;" 
he therefore offers his perpetuity for an insured mainte- 
nance during his life ; how much a-year would that be for 
his board, Sec. according to the probability of life annuities; 
reckoning interest at 5 per cent. ? 

This is wrought by case 1st of Perpetuities, and by 
Life Annuities, thus : 10-5-.05=200=the present worth 
of the perpetuity, which, divided by the proper number 
in table VI, will give the annuity; thus, 200-7-5.77== 
34.66, the answer. 

QUESTION 42©. 

Take the aliquot parts -^, -J, ^ J successively one^from 
the Other out of 6.?. 9^rf. and give their sum. 

This question is worded in such an aibstruse, or rather 
unintelligible manner, that it appears to me to be next to 
impossible for a person to know what is to be done from 
the words of it. To make it explicit, it should, in my 
opinion, be worded in .the following manner, viz. 

Take the ^ of 65. 9f/., the ^ of ^ of it, the | of ^ of ^ of 
it, and the ^ of i of -J^ oT J of it, and give their sum 

The shortest way of working this question is this: 



.1 Qf JL_- _l 



is 



These 4 fractions being reduced to a common denomi- 
nator, by the most convenient method, and added together, 

.„. 120 . SO , 6 , 1 157 , 157 

will become -f + + = , and 

360 360 560 360 360 360 



157 r 568 11147 « ,,, , 173 



gf 6tf. 9ld. or of = =2«.U-1</. 

^ 360 7 315 olo 

lAc answer. 



y 
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QI^E%TION 44th. 

JE can mow an acre of grass 7\ hours, and /*. in 8 j ' 
hours ; in what time would they mow an acre both of them 
'#orking together ? . 

There are several ways of working questions like this; 
but the most convenient way, I think, is this : Multiply 
one man's time by the Wher's for a dividend, and add 
them together for a divisor; the quotient will be the time 

t -, »<. ^ 22 44 968 , ,. . , i 
required; thus, 74x84:=s— X— = =the dividend; 

^ ^ 5, ,. 5 15 

and, — + — = s^the divisor ; and, therefore, 968-r- 

3 5 15 

242=^4 the answer. 

QUESTION 45th. 

In an orchard of fruit trees,^ ^ of them bear apples, ^ 
pears, ^ plums, 60 of them peaches, and 40 cherries j 
how many trees does the orchard contain ? 

This is another of those questions which many work by 
Double Position, for the want of a knowledge of a better 
Way. 

It is evident, that if we add all the fractions together, 
and subtract their sum from a unit, the remainder will be 
the same part of the orchard, that the sum of 60 and 40 is. 
•Wherefore the question may be wrought thus: ^-f -i+^ 
=-J^, and 1 — }.J=^; and, therefore, as ^y- 100: :|- 1200, 
or, as 1 •• 1 00: : 1 2 •• 1 200, the answer. 

QUESTION 46th. 

A person who was possessed of f of a vessel, sold 
I of his interest for 375/. what was the ship worth at that 

rate ? 

%■ 

375 375 
Here, we say, as | of |** ::|"1500; or, fxfx 

X J = 1 500/. the answer. 

QUESTION 47th. 
If 4 of I of I of a ship be won\\ %o^\^A>^^'l^^^M«SgJi^ 
valued at WOO/, what did boih s\a^ ^aA. c.^x^^ c'qrx.X 
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Here, we say, as ^ of | of -J.. | of | of || of :: 4 .. 

^°° , or, ixixixf xlxn X 1222 xi=i!22£ = asr.. 

12*. Id, fl =a the value of the ship; and, therefore, 837/. 
1 2*. 1 cf .||+ 1 000/. = 1 8 3 7/. 1 2«. 1 rf.fj, the answer. 

QUESTION 48th. 

A younger brother received 1 560/. which was just -^ of 
the elder brother's fortune.; -fuid 5^ times the elder's mo- 
ney was I as much again as the father was worth j what 
was his estate valued at? 

u- - 1560 , 18720 u- u • -.v 

Here, we say, as J^.. ::\ , which is the 

1 . T 

elder brother's fortune. Again, X 5|= , 

7 7 

,^liich, agreeably to the question, is f of twice the father's 
.t'^state ; and if so, it must be ^ of his estate ; and, there- ^ 

fore, I of it must be his estate. WhencCf X | "^ 

= 10780/.i, the true answer. 
7 ^ 

The answer to this question in the Assistant is erro- 
neous. 

QUESTION 49th. 

A gentleman left his son a fortune ; -/j of which he 
spent in 3 months ; | of J- of the remainder lasted him 9 
months longer, when he had only 537/. lefl; what did his 
father bequeath him ? 

Here,l|-T?, = ^J, and | of -J of =1 J ^, and -}J~ 

IL^JL; and as ^3 .i37^::4..iil££= 2082/. 18*. 
128 128 "^ I ^ 33 

2€/.j\; oFf as 35"537::128"2r.82/.l8«.2c/.^\, the answer. 

THE BUD. 
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